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Waves with impedance boundary condition (IBC)

open
Anisotropic Heterogeneous Wave equation with boundary damping (2 Cd ; R2):
bounde

p(x) Rw(t,x) = div(?(x) -gradw(t,x)), x€Q, (PDE)
Z(x) (T(x)-gradw(t,x))-n+ 9w(t,x) =0, x€dQ, (BC)
— —_——

Impedance Neumann trace Dirichlet trace
w(0,x) = wp(x), x€Q, t=0, .
w(0.%) = wi (x), X€ Q, t=0 (Initial data)
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Waves with impedance boundary condition (IBC)

open
Anisotropic Heterogeneous Wave equation with boundary damping (2 Cd ; R2):
bounde

p(x) Rw(t,x) = div(?(x) -gradw(t,x)), x€Q, (PDE)
Z(x) (T(x)-gradw(t,x))-n+ 9w(t,x) =0, x€dQ, (BC)
— —_——

Impedance Neumann trace Dirichlet trace
w(0,x) = wp(x), x€Q, t=0, .
w(0.%) = wi (x), X€ Q, t=0 (Initial data)

o w(t,x) deflection from equilibrium.

e T(x) Young’s elasticity modulus.
e p(x) mass density.
e Z(x) impedance.
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Waves with impedance boundary condition (IBC)

open
Anisotropic Heterogeneous Wave equation with boundary damping (2 Cd ; R2):
bounde

p(x) Rw(t,x) = div(?(x) -gradw(t,x)), x€Q, (PDE)

Z(x) (T(x)-gradw(t,x))-n+ d;w(t,x) =0, x€ 0, (BC)
—_——

Impedance Neumann trace Dirichlet trace
w(0,x) = wp(x), x€Q, t=0, .
w(0.%) = wi (x), X€ Q, t=0 (Initial data)

o w(t,x) deflection from equilibrium.

e T(x) Young’s elasticity modulus.

e p(x) mass density.

e Z(x) impedance.

. { Z=0 = Homogeneous Dirichlet BC.
Z =0 = Homogeneous Neumann BC.
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Waves with impedance boundary condition (IBC)

open
Anisotropic Heterogeneous Wave equation with boundary damping (2 Cd ; R2):
bounde

p(x)Bw(t,x) = div(?(x) -gradw(t,x)), x€Q, (PDE)

Z(x) (T(x)-gradw(t,x))-n+ d;w(t,x) =0, x€ 0, (BC)
—_——

Impedance Neumann trace Dirichlet trace
w(0,x) = wp(x), x€Q, t=0 .
9w(0,%) = wr(x), X € Q, t=0 (Initial data)

o w(t,x) deflection from equilibrium.

e T(x) Young’s elasticity modulus. In1D, T = Ty and p = po,
e p(x) mass density. characteristic impedance
e Z(x) impedance.
. { Z=0 == Homogeneous Dirichlet BC. Ze = v/ Topo

Z =0 —> Homogeneous Neumann BC.
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Port-Hamiltonian formulation 1/3

e Introduce the energy variables o.:= [otg" 0

] T
0 :=gradw, Op:=potw ,
(Strain) (Linear momentum)

O > EH = Dac
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Port-Hamiltonian formulation 1/3

. T

o Introduce the energy variables o := [og" o]
o :=gradw, Op:=pow
(Strain) (Linear momentum)

Hamiltonian: (total mechanical energy)

H(1) = %/Qaq(t,x)T.?(x).aq(t,x)+ap(t,x)$ap(t,x) dx,
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Port-Hamiltonian formulation 1/3
, T
o Introduce the energy variables o := [og" o]

o, =gradw, Op:=pow
(Strain) (Linear momentum)

Hamiltonian: (total mechanical energy)

1

a(0) =5 /Q a.q(t,x)T-?(x)'(xq(t,x)—i—(xp(t,x)ﬁap(t,x) dx,

€q N
9]
. . T T
e The corresponding co-energy variables e 1= [eq ep]

- 1
€q ::Saq}[: T(Xq, €p ::quﬂ'[: Bap'

St
(Stress) (Velocity)
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Port-Hamiltonian formulation 1/3
, T
o Introduce the energy variables o := [og" o]

o, =gradw, Op:=pow
(Strain) (Linear momentum)

Hamiltonian: (total mechanical energy)

1 = 1
}[t:f/(x. £,x) 7 - T(X) - 0t (t, %) +00p(1,X) —— 0y (£, X) dx,
(1) 29q( ) - T (%) - g (2, %) +0p( )p(x) p(1,%)
€q v
p
e The corresponding co-energy variables e:= [e," ep]T,

€q ::Saq}[:T'aq, €p ::8(1,_):]-[: B(Xp'
(Stress) (Velocity)

Infinite-dimensional port-Hamiltonian system:

3 Og| |0 grad| e
Hop| [dv 0 ||e)

“8:90‘an

Ya=6q-n|yq.
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Port-Hamiltonian formulation 1/3
, T
o Introduce the energy variables o := [og" o]

o, =gradw, Op:=pow
(Strain) (Linear momentum)

Hamiltonian: (total mechanical energy)

1

a(0) =5 /Q aq(t,x)T.?(x).aq(t,x)+ap(t,x)$ap(r,x) dx,

€y >
9]
. . T T
e The corresponding co-energy variables e 1= [eq ep]

€q ::Saq}[:T'aq, €p ::8(1,_):]-[: B(Xp.

St
(Stress) (Velocity)

Infinite-dimensional port-Hamiltonian system:

(i e

“lo,| “[dv 0 |le,|”  Output-feedback Law 3 {aq} _ {0 grad} {eq}
5= e — (IBC) ap| T ldv 0 | le)
Plogy (uy = —Zy3) Zeg-n+ep|yg =0.
Yo=€qNyg-
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Port-Hamiltonian formulation 2/3 - Dissipation
Power balance:

d
0= (ep,€qg-NYyq =—(Z €g-n,6q-0)0 =—|VZ eq-anz(aQ) <0

o = T 9ac
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Port-Hamiltonian formulation 2/3 - Dissipation

Power balance:

d

Ej{(t) = (€p, g M)y =—(Z &g, g n)30 = —||VZ eQ'nHiZ(OQ) =0
Energy representation:

e

——
3% = 0 grad||T 0][oyg
Hop| ~|dv 0 |]0 5| low)’ 1)
e S—— N~
o 9 Q o

Z(T-ag)-n+ Lop|yn =0.
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Port-Hamiltonian formulation 2/3 - Dissipation

Power balance:
d, 2
0= (€p, €qN)aq = —(Z &g, &g N)30 = —[[VZ &g 0|1z 30) <0
Energy representation:
e
——
o 0 grad||T 0][oyg
Iy =lav 0 o 1]
P p P (1)
SN = N—_— N~
[} 9 Q o
Z(T-0q) n+ 50p|3q =0.
e 7 is formally skew-symmetric (grad* = —div), but not skew-adjoint.
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Port-Hamiltonian formulation 2/3 - Dissipation

Power balance:
d, 2
0= (€p, €qN)aq = —(Z &g, &g N)30 = —[[VZ &g 0|1z 30) <0
Energy representation:
e
——
o 0 grad||T 0][oyg
Iy =lav 0 o 1]
P p P (1)
SN = N—_— N~
[} 9 Q o
Z(T-0q) n+ 50p|3q =0.
e 7 is formally skew-symmetric (grad* = —div), but not skew-adjoint.

o Dissipativity comes from: Zeg-n + e,|,, =0in D(7) C H¥(Q) x H'(Q) .
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Port-Hamiltonian formulation 2/3 - Dissipation

Power balance:
d, 2
0= (€p, €qN)aq = —(Z &g, &g N)30 = —[[VZ &g 0|1z 30) <0
Energy representation:
e
——
o 0 grad||T 0][oyg
Iy =lav 0 o 1]
P p P (1)
SN = N—_— N~
[} 9 Q o
- 1 _
Z(T-0g) -+ 50py0 =0.
e 7 is formally skew-symmetric (grad* = —div), but not skew-adjoint.

o Dissipativity comes from: Zeg-n + e,|,, =0in D(7) C H¥(Q) x H'(Q) .
e The dissipative system is not of the form 0;0t = (J — R )e.
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Port-Hamiltonian formulation 2/3 - Dissipation

Power balance:
d, 2
0= (€p, €qN)aq = —(Z &g, &g N)30 = —[[VZ &g 0|1z 30) <0
Energy representation:
e
——
o 0 grad||T 0][oyg
Iy =lav 0 o 1]
P p P (1)
—— N—_——— N~
[} 9 Q o
- 1 _
Z(T-0g) -+ 50py0 =0.
e 7 is formally skew-symmetric (grad* = —div), but not skew-adjoint.

o Dissipativity comes from: Zeg-n + e,|,, =0in D(7) C H¥(Q) x H'(Q) .
e The dissipative system is not of the form 0;0t = (J — R )e.
© Atthe discrete level, we will get 0;0ty = (Jg — Ry)ey !
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Port-Hamiltonian formulation 3/3 - Well-posedness

Existence and uniqueness: [Kurula and Zwart, 2015]

Theorem
W(02,00) €T H™(Q) x pH'(Q) (inital data),

(0, 0p) € (0,00 T HIV(Q) x pH' () N €1 (0,00 L3(Q) x L2(2)),

such that (1) is satisfied
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Port-Hamiltonian formulation 3/3 - Well-posedness

Existence and uniqueness: [Kurula and Zwart, 2015]

Theorem
W(02,00) €T H™(Q) x pH'(Q) (inital data),

(0, 0p) € (0,00 T HIV(Q) x pH' () N €1 (0,00 L3(Q) x L2(2)),

such that (1) is satisfied

o T € L™(Q)?*2 coercive symmetric,
e p>po>0€eL”(Q),
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Port-Hamiltonian formulation 3/3 - Well-posedness

Existence and uniqueness: [Kurula and Zwart, 2015]

Theorem
W(02,00) €T H™(Q) x pH'(Q) (inital data),

(0, 0p) € (0,00 T HIV(Q) x pH' () N €1 (0,00 L3(Q) x L2(2)),

such that (1) is satisfied

o T € L™(Q)?*2 coercive symmetric,

e p>po>0€eL”(Q),

HV(Q) := {vg € L(Q); divvg € [3(Q)}.

o T HV(Q) = {vg e L2(Q); div(T -vg) € L2()),
pH'(Q) :={v, € L3(Q); grad(pvy) € L3(Q)}.
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© PFEM Discretization

@ Structure-Preserving Discretizations
@ Open-Loop system

@ Closed-Loop system

=] F §
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Structure-Preserving Discretizations Overview

Discrete methods based on the Geometry of the system:

e Explicit simplicial discretization [Seslija et al., 2014]

e Discretization based on primal-dual complex [Kotyczka and Maschke*, 2017]
e Finite difference methods (FDM) [Trenchant et al.*, 2018]

e Finite volume methods (FVM) [Kotyczka, 2016; Serhani et al.” 2018]
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Structure-Preserving Discretizations Overview

Discrete methods based on the Geometry of the system:

e Explicit simplicial discretization [Seslija et al., 2014]

e Discretization based on primal-dual complex [Kotyczka and Maschke*, 2017]
e Finite difference methods (FDM) [Trenchant et al.*, 2018]

e Finite volume methods (FVM) [Kotyczka, 2016; Serhani et al.” 2018]

Finite Element / Galerkin Approaches:
o Mixed finite element method [Golo et al., 2004]

e Pseudo spectral finite element method [Moulla et al., 2012]

e Finite element formulation for Maxwell's equations [Farle et al., 2013]

o Mixed Galerkin discretization [Kotyczka et al.”, 2018]

e Partitionned finite element method (PFEM) [Cardoso-Ribeiro et al.”, 2018]
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Structure-Preserving Discretizations Overview

Discrete methods based on the Geometry of the system:

e Explicit simplicial discretization [Seslija et al., 2014]

e Discretization based on primal-dual complex [Kotyczka and Maschke*, 2017]
e Finite difference methods (FDM) [Trenchant et al.*, 2018]

e Finite volume methods (FVM) [Kotyczka, 2016; Serhani et al.” 2018]

Finite Element / Galerkin Approaches:
o Mixed finite element method [Golo et al., 2004]

e Pseudo spectral finite element method [Moulla et al., 2012]

e Finite element formulation for Maxwell's equations [Farle et al., 2013]

o Mixed Galerkin discretization [Kotyczka et al.”, 2018]

e | Partitionned finite element method (PFEM) [Cardoso-Ribeiro et al.*, 2018]

Discretization Strategy:

1e Use PFEM to discretize the port-Hamiltonian system.
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Structure-Preserving Discretizations Overview

Discrete methods based on the Geometry of the system:

e Explicit simplicial discretization [Seslija et al., 2014]

e Discretization based on primal-dual complex [Kotyczka and Maschke*, 2017]
e Finite difference methods (FDM) [Trenchant et al.*, 2018]

e Finite volume methods (FVM) [Kotyczka, 2016; Serhani et al.” 2018]

Finite Element / Galerkin Approaches:
o Mixed finite element method [Golo et al., 2004]

e Pseudo spectral finite element method [Moulla et al., 2012]

e Finite element formulation for Maxwell's equations [Farle et al., 2013]

o Mixed Galerkin discretization [Kotyczka et al.”, 2018]

e | Partitionned finite element method (PFEM) [Cardoso-Ribeiro et al.*, 2018]

Discretization Strategy:

1e Use PFEM to discretize the port-Hamiltonian system.
2e Use an output-feedback law to take the impedance BC into account.
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o Introduction & Waves with impedance boundary condition (IBC)

e Port-Hamiltonian formulation

© PFEM Discretization

@ Open-Loop system
0 Simulations

© conclusion

O > EH = Dac
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Open-Loop Discretization 1/5 - Weak formulation

Boundary controlled and observed wave equation:

pdaw = div(Tgradw),
Uy = Btw‘aﬂ,

¥ :?gradw~n|aﬂ.
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Open-Loop Discretization 1/5 - Weak formulation

Boundary controlled and observed wave equation:

Anass Serhani (ISAE-SUPAERO) CPDE-CDPS 2019

pdaw = div(Tgradw), o [aq} = { 0
aQ, div
_ (PHS) P
Uy = 9wy, —
= Uy = |30

Yo=Tgradw:-n| . Yo = €q- 1y

grad
0

I

€q
€p

J

May 218!, 2019 Oaxaca, Mexico
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Open-Loop Discretization 1/5 - Weak formulation

Boundary controlled and observed wave equation:

pdaw = div(Tgradw), o gq = {do gr(a;d} {eq} ;
_ (PHS) P v °
Uy = 9wy, . _
= Uy = €50,
=T . .
Y= Tgradw-n|,, Yo = eq M5

Its power balance is then: & /(1) = (. Y3 )50
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Open-Loop Discretization 1/5 - Weak formulation

Boundary controlled and observed wave equation:

pdaw = div(Tgradw), o Zq = {do gr(e;d} {eq} ;
_ (PHS) o) v &
Uy = 9wy, ; —
= Uy = ep|aQ»
=T . .
Y= Tgradw-n|,, Yo = eq M5

Its power balance is then: & /(1) = (. Y3 )50
STEP 1: Weak form
{ (010g,vg)q = (grade,, vq)q,
(00, Vp)o = (divey, vp)a,

where vg and v, are sufficiently smooth test functions.
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Open-Loop Discretization 1/5 - Weak formulation

Boundary controlled and observed wave equation:

= o, 0 rad| | e
pdZw = div(Tgradw), ot aq :{div go Heq}
_ (PHS) P P

Uy = 0wy, _
= = Uy = ep|aQ»
=7 nloo.
¥ gradw-n|, Yo = €q- 1y

Its power balance is then: & /(1) = (. Y3 )50
STEP 1: Weak form
{ (ataqv Vq)Q = (gradep, Vq)Q,
(00, Vp)o = (divey, vp)a,

where vg and v, are sufficiently smooth test functions.
STEP 2: Green’s formula with e, |30 = uj
(9101, Vq)q = — (€5, divvg)a + (Uy. Vg N)aq,
(afap7 VP)Q = (diveQ7 VP)Q?
(¥9:v0)a0 = (€3N Vo )g0-
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Open-Loop Discretization 2/5 - Approximation families

Finite-dimensional basis families:

Vo i=span{@}1<i<n,, Vp:=span{f}ick<n, and 9} :=span{yT}1<men,.
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Open-Loop Discretization 2/5 - Approximation families

Finite-dimensional basis families:

Vo i=span{@}1<i<n,, Vp:=span{f}ick<n, and 9} :=span{yT}1<men,.

Approached solutions:

N, i S > T N, . i T
(1. %) ~ T2 0 (1)@g(x) = P -0y, eg(1x) & X2 4(1)@y(X) = Dy - €,
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Open-Loop Discretization 2/5 - Approximation families

Finite-dimensional basis families:

Vo i=span{@}1<i<n,, Vp:=span{f}ick<n, and 9} :=span{yT}1<men,.

Approached solutions:

ao(t,X) & TR ol (DBL(x) = B -ag,  e(1x) ~ 1q(r) LX) = ng

op(t,x) ~ ka:1(xp(t)q>p(x) = 4); Oy, ep(tx) =2l 1ep(t)q)p(x) “€p>
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Open-Loop Discretization 2/5 - Approximation families

Finite-dimensional basis families:

Vo i=span{@}1<i<n,, Vp:=span{f}ick<n, and 9} :=span{yT}1<men,.

Approached solutions:

N, ; i - T N, P i - T
Og(t%) 2 T2 0 ()Qg(x) = g g, eg(1.x) T2 e5(1)@y(x) =Py - €

N, N,
ap(1,%) ~ T2 oS (D05(x) = By -0, ep(10) A T2 e5()p(x) = 0y -6,

up(tx) = Tl U (OWF () = W3 -ty ()~ Ep yE (W (X) = V3 -y,

q’
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Open-Loop Discretization 2/5 - Approximation families

Finite-dimensional basis families:

Vo i=span{@}1<i<n,, Vp:=span{f}ick<n, and 9} :=span{yT}1<men,.

Approached solutions:

N, ; i - T N, P i - T
aq(tvx) ~ zi:q1(x‘:q(t)q,q(x) = ¢q 'gq7 eq(f-x) ~ zi:q1 e::,(f)(Pq(X) = ¢q 'gqa

N, N,
ap(t,x) & T2 ag(D0p(x) = 5 oy, ep(tx) = 52 5(1)p(x) = @ -y,

N; N;
Up(1.%) = T u§ (WS () = V5 -y, ya(tx) = Zpl vy (DWF(X) = V] -y,

Port-Hamiltonian system in the approximation basis:

Ny (=i =jy d N, o oy )

T (%,(P’q)ga% = 57 (0, dV @) g + T (W5 @)y U =T N
N d Ny [ =i

21 (0 9p) g gy % = Tict (V@G @) g2 £=1,-0Np

N; n m_ sNg /2i n i _
et (WS W) a0y = T2 (g - W5 ) 060, n=1,.,Ny
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Open-Loop Discretization 3/5
Matrix form

Interconnection structure

d(xq—De +BUa
d T
Mp agp:_D &q

My, = B'e

o = T 9ac
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Open-Loop Discretization 3/5 - Interconnection structure

Matrix form:
j(x'q— D e, + Buy
Mp %Qp = —Dqu
Moy, =B"e,
where,
(MQ),‘/' :(%@;)Q, Mg _fQ¢q ~; € RNaxNo,
(Mp)kf :((Pf;a(Pg)@ . Mp zfﬂd)p-d:q € RNoxNs,
(D) = —(9pdv@y)g, D :—qudivq)q.q)geRquNp,
(B),, = (WI®n)ag B =fon®gn W] cRMMN,
(M) = (W35 a2 My = fqWy W] €RMNxNo.
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Open-Loop Discretization 3/5 -

Matrix form:

d
Mg 0 =D &, +Buy

o Compact
Mp %= D' €q =
Moy =B ¢,
where,

(Mq)lj = (_‘w@:? Q
(Mp)kf = ((pp’(Pp)gp )
(D)jk = .
(B)m = (¥ @n
(Ma mn (‘l’gv‘l’én)an’

Anass Serhani (ISAE-SUPAERO) CPDE-CDPS 2019

Interconnection structure

—(9p: AV ),

S —
Jo
My, = B' &g
= Jo®q- &g € RNxN,

= Jq®p- ¢ € RNoxNo,

= —deIV¢q &) € RNaxNo,
= fo®g-n-V] G]RNqXNB,
= [V -V, RN,
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Open-Loop Discretization 3/5 - Interconnection structure

d
Mg — o =De, 4+ Buy Mq 0 g [0 _ 0 D e, B
(Zt q p Compact {0 Mp| dt (o -pT o e + 0 Uy
_ AT =
Mp 0 =-D"¢, = Y
_ T
MBZa—B eq MaZa_B €q~
where,
(MQ),‘/' = ((p]q7(Pq)Qy My = fQ ¢q RquNq
M)y = (0p:9F) Mp :fﬂq>p.qjq € RNXNs,
(D)/k = —(ghdv@))g, D =-—[odives &) e RNxNo,
(B)/m - (W{,”,(T)’q-n)m, B :fafz"’q'"'\l—'geRNqXN%
(M) = (¥5:¥5 ) My = foqVa W €RNxM,

The underlying Stokes-Dirac structure is preserved as a Dirac structure: [Egger et al., 2018]

d d .
g Mg 5 %q+6p Mp .0 = y5 Myl
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Open-Loop Discretization 3/5 - Interconnection structure

Matrix form:
d
Mg — o =De, 4+ Buy Mq 0 g [0 _ 0 D eq B
(g q P Compact {0 Mp| dt (o -pT o e + 0
—_pT =
Mp 0 =-D"¢, = Y
_ AT
MBZa—B eq MaZa_B €q~
where,
(MQ),‘/' = ((p]q7(Pq)Qy My = fQ ¢q RquNq
M)y = (0p:9F) Mp :fﬂq>p.qjq € RNXNs,
(D)/k = —(op, V@), D = [odiv®g-&] € RN*No,
(B)/m - (W{,”,(T)’q-n)m, B :fafz"’q'"'\l—'geRNqXN%
(M) = (¥5:¥5 ) My = foqVa W €RNxM,

The underlying Stokes-Dirac structure is preserved as a Dirac structure: [Egger et al., 2018]

d d .
g Mg 5 %q+6p Mp .0 = y5 Myl

Proof: ," (De,+Buy)+e," (=D"e)) =e," Buy =y Myu,
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Open-Loop Discretization 4/5 - Constitutive relations
Constitutive equations:

eq=Tog

o = T 9ac
Anass Serhani (ISAE-SUPAERO) CPDE-CDPS 2019



Open-Loop Discretization 4/5 - Constitutive relations
Constitutive equations:

= Testing over v,
eq=Tog =

(esve)a = (Tag vg)g

o = T 9ac
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Open-Loop Discretization 4/5 - Constitutive relations

Constitutive equations:

= Testing over v,
eqg = Tayg :>v (e9,vq)a
Using e - T
= [[e0e,] -
Q
N—_———
Mq

(Tag, vg)g
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Open-Loop Discretization 4/5 - Constitutive relations

Constitutive equations:

= Testing over v,

eqg = Tayg 2\; (evg)a = (Tag,vg)q
Using e - T - =T
= [fees]e - [[o781] e
| S —
My M
1 similarly T 1
ep = plq = [/Qd)P'd)p]Qp = [/Qq’p'ﬁd’p]ﬁq
My M
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Open-Loop Discretization 4/5 - Constitutive relations

Constitutive equations:

= Testing over v, =
g =Toyg U ?v (eqzrVq)Q = (Tag,vg)q .
sing Vg o - =
WX [ a8y e, = [[ 80T 8]
| S —
M, M
1 similarly T o 1
e = Loy iy [/Qd)p-d)p]gp - [/Qq:p-ﬁcbp o
My M%
ngq = ,Vl?g(p Mpgp = M% gp
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Open-Loop Discretization 4/5 - Constitutive relations

Constitutive equations:

= Testing over v, =
eq=T0q 2\; (e vg)a = (T0qg vg)q
Using e - T - =T
W [fees] e - [f80T8)
Q Q
N—_———
My M=
1 similarly T . 1
e = Loy iy [ R VA s
N e
My M1
p
ngq:,\/l?g(p Mpgp:M%gp

Port-Hamiltonian Differential-Algebraic Equation (PHDAE): [Beattie et al., 2018]

My 0]dfog] [ 0 Dl e, B
AR R I S H

(PHDAE) [Mq o} gq} _|MF 0 {gq}
0 M, & 0 M% v
My, = B' &g
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Open-Loop Discretization 5/5 - Discrete Hamiltonian

Discrete Hamiltonian:

(
T oc"+oc"locd
=3 g% Rt %
1 o[ 2 = 2T . 1

=20 [/ﬂcpq T ¢q]gq+ o [/ﬂ¢p fcbp]gp

Mz M

P

=3% Mz q+za, Mo,
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Open-Loop Discretization 5/5 - Discrete Hamiltonian

Discrete Hamiltonian:

(
T al 0ol
T2 Jq 4 a % e
1 T S o= T T 1T
=20 [/Qtpq T &g oyt o, [/Q<Dp “ oy,
| ek — [
Mz M
P
_qu ,V,?gq"'égp M%gp
Discrete power balance:
d, d T d
d

d
- T T
(constitutive relations) = e, Mg pr Og+e, Mp p [

(Dirac structure) = Y Ma

= (Ua:¥3)o:
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Closed-Loop

Next step: Close the loop (IBC)

Zeq-n+ep|aQ:0

o F = = DA
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Closed-Loop

Next step: Close the loop (IBC)

in/out-put
Zegnteplyy=0 "=

Uy = —Z¥

o F = = DA
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Closed-Loop

Next step: Close the loop (IBC)

Zeq-n+ep|aQ:0

in/out-put U = - Z}/a
similarly [/ W \UT] _ [/ T]
. uy = - Vy-Z WV ,
FRCRCIES b 0 2| Ya
S —
My

M,

o = = = DA
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Closed-Loop
Next step: Close the loop (IBC)

1/ -
Zeg-n+epl,g=0 moutput Uy —Zy,
similarly [ T] [/ T}
— Vo Wy luy = — Vy-Z W ,
NCRCE g | Y
My M,
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Closed-Loop
Next step: Close the loop (IBC)

/out-put
Zegnteplg=0 "= Uy —ZYy
similarly [ ] [/ T]
£ Wy WUy luy = — Yy - ZW, |y,
ag 0 9] s 07 9] %
My M,

Substitution of the control term in the system:

—1 —1 T
+Buy=—BM; "M My B ¢,
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Closed-Loop
Next step: Close the loop (IBC)

in/out-put
Zegnteglg=0 "= Uy = =2y
similarly [ T] [/ T]
£ Wy WUy luy = — Yy - ZW, |y,
ag 0 9] s 07 9] %
N— ——
My M,

Myuy = —My
{ =9 = uy=-M"M.M;'B e,

Moy, =B"¢e,
Substitution of the control term in the system:
+Buy=—BM; "M, My B e,,  withrank(R.) < N,
— —

R;
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Closed-Loop
Next step: Close the loop (IBC)

in/out-put
Zeq.n+ep|aQ:0 mo;gu Uy = —Zyy
similarly [ T] [/ T]
ag 0 01 ag 07T %0
—_———
My M,

Myuy = —My
{ =9 = uy=-M"M.M;'B e,

Moy, =B"¢e,
Substitution of the control term in the system:
+Buy=—BM; "M, My B e,,  withrank(R.) < N,
— —
R,
Dissipative system: Matrix Ry appears !!

B slsl-( 38 )

Mgy Jo Ry
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Closed-Loop
Next step: Close the loop (IBC)

in/out-put

Zegnteplg=0 "= Uy = =2y
similarly [ T] - [/ T]
— Yy Wy luyy = — Vy.-Z W ,
ag 0 9] ag 0 C 0%
——— —
My M,

Myuy = —My
{ =9 = uy=-M"M.M;'B e,

M, Yy = BT &g
Substitution of the control term in the system:
+Buy=—BM; "M, My B e,,  withrank(R.) < N,
— —
R,

Dissipative system: Matrix Ry appears !!
Mg 0 |d|ag]| _ 0 D| |R: 0]} e
0 Mpat|a,|  \|[-D' © 0 0//|e)
N —— N N e’
My Jo Ry
a, T
700 = (Uasyy)a = =¥y My, <O
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o = T 9ac
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Mesh and finite elements

Q=(0,Lx)x(0,Ly), Ly=2,L,=1
Vq:=RTo, =P and ) :=tr(P).
Ny :=1998, Np:=699 and N,:=96.

1.0

0.8

0.6 4

®  Dofof pvariables & Dof of q variables «  Dof of 3 variables

0.00 0.25 0.50 0.75 1.00 125 150 175 2.00
(N&4
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Mesh and finite elements

Q=(0,Lx)x(0,Ly), Ly=2,L,=1
YV, =RTo, Y:=P and v):=tr(P).
Ng:=1998, N,:=699 and Nj:= 9.

o F = = DA
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Spectral Analysis 1/3

Spectrum: Generalized eigenvalue problem

(Jg — Ra) Qv = AMgv

A=B+iw
2=0.0 z=0.1 z=1e8
0 : 2
TR
15 15 + 1 5
+ +
+ + *
i) ;i 10 N i) H
5 5 5 N
0 + 0+ ++ - AHE FH R R A R 0 +
5 -5 5 *
10 i -10 . 10 I
15 1 15 s 15
i vy
20 ] 20 ‘ ‘ ‘ ‘ ‘ ‘ i I ) ‘
01 00 0l -40 35 -30 -25 20 -15 -0 05 00 -01 00 ol

ez=0 — )= (Dirichlet BC), corresponds to J skew-adjoint.
= A= io (Neumann BC), corresponds to J skew-adjoint.
= A=+ io (IBC), corresponds to J not skew-adjoint, § < 0.

ez=o00r 108
e z=0.1
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Spectral Analysis 2/3
Spectrum

o F = = DA
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Spectral Analysis 3/3

Decay rate

An = An(2), —maxf,
An#£0
Ly=2, Tp=5, pp=3
T -
0.12 f-'.‘ *  Zop=1.16
hiR
HIR
0.10 e
M
AN
a 0.08 . 1‘
= # \
]
! 0.06 + L1
3 !
z i ‘
£ / \
0.04 * "
4 \
F \
0.02 ol \
Pt %
s !v..,____
0.00 f—sm===F S -
1072 109 102 104 10°
= 9ar

Z
— L -
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Simulation
Space parameters:
o p(x)=x3(2—x)+1

= X2 +1
° T(X,y):|: y Xj/—1]

° Z’rmr3 =1 Z’rzmn =05
Time integration:

e Crank-Nicolson

o tf=5

e At=1073
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Anas:

Simulation




Convergence - Errors with known analytical solution

Absolute error of energy variables: supg<<,||0(t) — Oexact (1) || 5

Energy variables absolute errors

105 5 \
5 10° ] —— RToPo
E ] —— RTpP:
g 1 —— RT1-Py
E 102 i —— RT1-P1
% —s— RT1-P;
101 A =
107 5
1071 L T
1071 100

Mesh size

] = =
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o = T 9ac
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Conclusion and perspectives

Conclusion
e Structure preserving discretization of the wave equation with boundary damping.
e In continuous model, the dissipation was hidden in the domain of the operator.

e At discrete level, the dissipation appeared explicitly in a matrix Ry thanks to PFEM.
Ry is with low rank, since it accounts for boundary damping.

e Simulation of different examples: Anistropic & Heterogeneous.
e Numerical evidence of convergence.
Perspectives
e Finite element convergence analysis and error estimation [Serhani et al., 2019a] .

Structure-preserving discretization of heat problem (PHDAE) [Serhani et al., 2019b],
[Serhani et al., 2019c] .

Structure-preserving model reduction.

Coupled problems from thermoelasticity.

Discretization of acoustically time-varying impedance [Monteghetti et al., 2018] .
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Different representations

Infinite-dimensional Hamiltonian system:

Og| |0 grad| e
el WL

= 1
Tog, ep = —0p

o = T 9ac
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Different representations
Infinite-dimensional Hamiltonian system:

) =l "%l

e = 1
0 eZ:|, eq Taq, ep = Bap
Energy representation:
aaq_o grad T o0 Og
Hop| “[dv 0 ||o 1 ’

p] %

o F = £ 9a
Anass Serhani (ISAE-SUPAERO) CPDE-CDPS 2019




Different representations

Infinite-dimensional Hamiltonian system:

a;] [0
ool -l

grad
0

Energy representation:

aaq_o grad T o0 Og

Hop| “ldv 0 [0 X|]op)

Jl&]: -

= 1
Tog, ep = —0p

Co-energy representation:

?71
0
7

{|SIEE

div

gl

€p

o F = £ 9a
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Different representations

Infinite-dimensional Hamiltonian system:

) =l "%l

Energy representation:

at{aq}:{g grad} T (1)
Op div 0 0 b

|[a]

€q
€p

= 1
}, eg=Tog, ep= Bocp

Co-energy representation:

SR

DISCRETE Energy representation:

Mg 0]dfe,] [0 Dlfar
0 Mpjdt|a,] [-DT o0f|O
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Different representations

Infinite-dimensional Hamiltonian system:

Og| [0 grad| e = _1
% {O‘p} _{div 0 } Lp » S =70 = Pap

Energy representation: Co-energy representation:
[ 0 grad]|T o0 o 7' ) eq 0 grad| e,
a[ — f 1 ) ai — .
Op div 0 0 o | L% 0 p|ler div. 0 €p
DISCRETE Energy representation:

o 231 AR 2l B A 0

DISCRETE Co-energy representation:

7 owlall Lo ol
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Finite element families optimal choice
Following [Serhani et al., 2019],

Vg X Vp X Vy = RTx(Q) x () X Prp(00)
Hamiltonian error estimation

| — 3| = o(H°)

Energy variables error estimation

loe— [, = o(#')

o = T 9ac
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Model reduction: Structure-preserving Proper Orthogonal Decomposition (POD) reduction

Figure: SVD on snapshots of the energy and co-energy variables

Singular value decay - Matrix size (m.n)=(2697,601)
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'
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Chaturantabut, S., Beattie, C., and Gugercin, S. (2016). Structure-preserving model reduction for nonlinear
Port-Hamiltonian systems. SIAM Journal on Scientific Computing, 38(5), B837-B865
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Model reduction: Structure-preserving Proper Orthogonal Decomposition (POD) reduction

Figure: Spectrum, tolerance € = 10~

Spectrum of (J-R)Q with respect to the mass matrix

. +  Original model (closed loop)
#  Reduced model (closed loop, r=150)
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=
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Real part

Chaturantabut, S., Beattie, C., and Gugercin, S. (2016). Structure-preserving model reduction for nonlinear
Port-Hamiltonian systems. SIAM Journal on Scientific Computing, 38(5), B837-B865
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Model reduction: Structure-preserving Proper Orthogonal Decomposition (POD) reduction

Figure: Hamiltonian, tolerance € = 1074

Hamiltonian versus time

—&— Original model (r=2697)
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Chaturantabut, S., Beattie, C., and Gugercin, S. (2016). Structure-preserving model reduction for nonlinear
Port-Hamiltonian systems. SIAM Journal on Scientific Computing, 38(5), B8§37-B865 ., - =
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Weighted scalar product & discrete Hamiltonian

New scalar products:

N N,
<v1,v2>q =v] Mgvo, vi,vo RN,

T N,
<v1,vz>p. Vi Mpvo, vi,vo € R,

. T L\
<V1,V2>a =V My vo, vy, vo € R

sym
Qr,Q, > 0. Also y, is exactly the conjugated output of u with respect to (-,-)..

Discrete Hamiltonian:

1 = 1
Hol0)i=75 [ o Tag g ag

1 1
- 5 <gq> Oqu>q + §<gp> ngp>p-

Discrete power balance:

*}[G’(t) :L;FME)% = <HZ)7L9>37
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