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Abstract

We study the structure-preserving space discretization of port-Hamiltonian (pH) systems defined with dif-
ferential constitutive relations. Using the concept of Stokes-Lagrange structure to describe these relations,
these are reduced to a finite-dimensional Lagrange subspace of a pH system thanks to a structure-preserving
Finite Element Method.

To illustrate our results, the 1D nanorod case and the shear beam model are considered, which are given
by differential and implicit constitutive relations for which a Stokes-Lagrange structure along with boundary
energy ports naturally occur.

Then, these results are extended to the nonlinear 2D incompressible Navier-Stokes equations written in
a vorticity—stream function formulation. It is first recast as a pH system defined with a Stokes-Lagrange
structure along with a modulated Stokes-Dirac structure. A careful structure-preserving space discretization
is then performed, leading to a finite-dimensional pH system. Theoretical and numerical results show that
both enstrophy and kinetic energy evolutions are preserved both at the semi-discrete and fully-discrete levels.

Keywords: Port-Hamiltonian systems, Structure-preserving discretization, Nonlocal constitutive relations,
Euler-Bernoulli beam, incompressible Navier-Stokes equation

1. Introduction

Port-Hamiltonian (pH) systems have been developed as a theoretical framework for modeling, numerical
simulation, and control of macroscopic multiphysics systems. PH systems are a generalization of classical
Hamiltonian systems to open systems, embedding additional pairs of port variables. These are interface
variables that are necessary either for control, observation, or interconnection. This extension leads to
the intrinsic representation of pH systems with a geometric Dirac interconnection structure, generalizing
the Poisson bracket from classical Hamiltonian systems. The Dirac interconnection structure may include
dissipation, input/output (control/observation) and interconnection ports, besides the storage (energy) port.
It is geometrically defined through a canonical power pairing, extending the Poisson symplectic form of
Hamiltonian mechanics. It may be represented, either explicitly or implicitly in various coordinate systems.
We refer to [1] for a general introduction, to [2] for a survey of applications in different fields of physics, to
[3] for the formulation of pH systems with algebraic constraints as differential-algebraic equations (DAE)
or linear descriptor systems in matrix representation, and to [4] for a survey of control applications of these
pH-DAE systems.

For infinite-dimensional pH systems, Stokes-Dirac structures have been introduced in [5], extending the
in-domain port variables pairs with pairs of boundary port variables, which are necessary to write the usual
(mass, energy, momentum, etc.) balance equations. Skew symmetry in the Hamiltonian differential operator,
integration by parts, and Stokes theorem may be combined to obtain a canonical representation for these
infinite-dimensional pH systems and define appropriate pairs of boundary port variables in which physically
consistent boundary conditions, boundary control and observation variables may be expressed. In the linear
case, the semigroup approach applied to distributed parameter linear pH systems allows a parametrization
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of all admissible boundary conditions (using these pairs of boundary port variables), which guarantee well-
posedness of the resulting partial differential equations (PDE) (see [6] for the 1D case or [7] for the nD case).
The literature on distributed pH systems has recently grown considerably. Both theoretical developments and
application-based studies are surveyed in [8]. Recently, pH models for distributed parameter systems (either
linear or not) have been proposed and investigated in various application domains, ranging from flexible
mechanics (see [9] for a systematic methodology for pH modeling of flexible systems) to fluid dynamics (see
for instance [10] for a literature review on pH modeling in fluid dynamics), electromagnetism [11], thermo-
magneto-hydrodynamics (see for instance [12], for the pH model of tokamak plasma dynamics), and phase
separation [13, 14], just to cite a few examples.

In most of these applications (and previously cited papers), the boundary pH formulation relies on the
assumption that the Hamiltonian differential operator, together with a generating Hamiltonian functional,
are explicitly known and only depend on the state variables and not on their spatial derivatives. However,
constraints may stem from implicit energy constitutive equations, affecting the relationship between effort
and energy state variables. In this case, pH systems may be defined on a Lagrangian subspace (see [15])
or submanifold (for the nonlinear case, see [16]), as recently introduced in the finite-dimensional case. The
energy is then no longer defined by a function on the state space, but instead by reciprocal constitutive
relations between the state and co-state variables. Stokes-Lagrange subspaces have been proposed to cope
with the infinite-dimensional case (see [17] or [18] for 1D formulation and [19] for nD extension of this idea).
It is then possible to represent systems where the Hamiltonian functional is constrained, implicitly defined
and/or depends on spatial derivatives of the state. Examples of pH systems defined on Stokes-Lagrange
subspaces include the implicit formulation of the Allen-Cahn equation [20], the Dzektser equation governing
the seepage of underground water (see [21] for the original model or [19, 22] for pH formulations), or nonlocal
visco-elastic models for nanorods [23, 24]. The authors have also shown how constrained pH systems defined
on Stokes-Lagrange subspaces may formalize the reduction of energy constitutive equations, considering the
simplification from the Reissner-Mindlin thick plate model to the Kirchhoff-Love thin plate model, and the
low-frequency approximation of Maxwell’s equations, as two examples of such a reduction [19].

At the same time as these advances in the pH representation of an increasing variety of physical systems,
corresponding structure-preserving numerical methods have been proposed. Among others, preserving the
structure in the discretization allows running under-resolved simulation and avoid some spurious non-physical
modes in multiphysics systems interconnection. Both are of prime importance for pH systems which are
fundamentally a modular modeling approach for (possibly real-time) control oriented applications. In this
paper, we focus on space discretization of infinite-dimension pH systems. Time discretization for finite
dimensional pH systems (among others, those obtained by structure-preserving spatial discretization) has
been investigated in many previous works. Most of the time, discrete gradient methods [25, 26] are used such
as in [27, 28|, or symplectic RK/collocation schemes, such as in [29] (for explicit pH systems) or in [30, 31]
(for pH-DAEs). Note also that complete discretization schemes, such as space-time finite element method
for multisymplectic Hamiltonian systems [32] or weak space-time formulation for dissipative Hamiltonian
systems [33], have been investigated yet and could possibly be extended to open pH systems.

Regarding the structure-preserving spatial discretization of pH systems, various approaches have been
proposed, including finite differences on staggered grids [34], pseudo-spectral methods [35, 36], methods based
on the finite discrete exterior calculus [37, 38] and finite element methods. Among these approaches, only
finite element methods have been successfully applied to a large number of different 2D and 3D examples,
either linear or not, with non-trivial geometries (in that particular sense, they may be regarded as more
general). Finite elements have been introduced for the structure-preserving discretization of 1D transmission
line problems in [39]. The idea was then generalized for non linear shallow water equations in [40]. These
methods are mixed finite element methods (MFEM) such as those analyzed in [41], but extended for pH
systems with time-varying boundary energy flows. Different directions have been followed to generalize
these early 1D MFEM results. In [42], structure-preserving is obtained by choosing different compatible
finite element spaces for the effort and flow variables approximations in the weak formulation of pH systems.
In [43] (generalized from [44]), the authors define a virtual and redundant dual field representation of the
original pH system to obtain the finite dimensional without the need to discretize the Hodge metric in the
constitutive equations. Finally, in [45], a partitioned finite element method (PFEM) is proposed, based on
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the integration by parts of some of the balance equations, chosen to make the boundary control appear and
obtain a finite-dimensional square invertible pH matrix representation with sparse matrices. Note that the
PFEM is a particular instance of the MFEM applied to pH systems, where the partition of the variables
is a natural feature. We propose in this paper a new application of the PFEM to pH systems defined on
Stokes-Lagrange subspaces.

The PFEM is defined and applied to shallow water equations (in 1D and 2D), together with vari-
ous extensions examples in [45]. Since then, it has been applied to many different application examples,
either in 2D or 3D, and has been proven to preserve the central Dirac interconnection structure of pH
systems (hence, the power continuity). Among these examples, one can cite [46] for the anisotropic het-
erogeneous nD heat equation, [47, 14] for the Cahn-Hillard and Allen-Cahn equations, [48] for the Maxwell
equations, [49] for von Karman plate models, [50] for a linear thermo-elasticity model (through the in-
terconnection of elasto-dynamics and heat equations), [51] for Mindlin and Kirchhoff plate models, [52]
for the incompressible Navier-Stokes equation, [53] for 2D shallow water equations, or [10] for a survey
on applications of the PFEM to fluid models. The optimal choice of finite elements for the PFEM has
been analyzed for the 2D wave equation on different geometries and asymptotics for the error are given
in [54]. An open simulation Python package for multiphysics pH systems relying on the PFEM is avail-
able at https://g-haine.github.io/scrimp/, with various examples. This package is further discussed
with the help of some mechanical and thermodynamical examples in [55]. Note also that a benchmark
of pH numerical models with a repository of structure-preserving discretization methods may be found at
https://algopaul.github.io/PortHamiltonianBenchmarkSystems.jl/.

This paper deals with the structure-preserving discretization of nD pH systems with implicitly defined
energy (i.e., with differential constitutive equations for the energy). They are represented with two geomet-
rical interconnection structures: a Stokes-Dirac structure for power continuity (balance equations) and a
Stokes-Lagrange structure for the energy constitutive equations. Until now, to the best of our knowledge,
the PFEM discretization of pH system with implicitly defined energy has been applied only in [56], for a
simple 1D nanorod viscoelastic example. In this work, we propose to extend these early results to more
fundamental 1D and 2D examples, where the nonlocal constitutive equations play a fundamental role, to
discretize these examples and analyze numerical consequences, of both the implicit pH formulation and the
structure preservation, on simulation numerical results.

In section 2, the geometric definition of pH systems with implicitly defined energy is recalled. Dirac
structure and Lagrange subspace (finite dimensional case, section 2.1) are defined and generalized to Stokes-
Dirac and Stokes-Lagrange structures (infinite dimensional case, section 2.3). In section 3, three examples
are considered: a 1D nanorod model (section 3.1), an implicit Euler-Bernoulli model (section 3.2) and a 2D
incompressible Navier-Stokes model (section 3.3). For the nanorod example, nonlocal constitutive equations
are made necessary to cope with nonlocal effects between stress and strain variables at micro/nano-scales [57].
An equivalent implicit formulation with Robin boundary conditions and additional energy boundary port
variables (see [17]) are introduced, which pop up in the power balance equation and in the Hamiltonian
function. For the 1D Euler-Bernoulli beam, we consider an implicit model which arises when the (usual)
simplification in the limit of low wavenumbers is not assumed [58|. This extended Euler-Bernoulli model is
made necessary for high frequencies approximation [59]. Regarding the homogeneous implicit 2D (or 3D)
incompressible Navier-Stokes equation [60], we derive an equivalent model in terms of vorticity and stream
function. These two variables are also related through a differential constitutive equation. The 2D case is cast
as a pH system with implicitly defined energy function. This formulation leads to both power and enstrophy
balance equations (the vorticity generation does not appear in the power balance equation). The case of
no-slip boundary conditions is carefully investigated, with enstrophy creation and kinetic energy dissipation
arising in the balance equations. In section 4, the structure-preserving spatial discretizations of the previ-
ously defined examples are derived. This leads to the definition of discrete Dirac and Lagrange structures,
corresponding to their infinite-dimensional Stokes-Dirac and Stokes-Lagrange counter-parts. It is shown
how the PFEM approach extends to these cases and ensures structural properties of the finite-dimensional
pH matrices which guarantees power, energy (and enstrophy) conservation. In section 5, numerical results
are presented for the three examples, in each case, the evolution of the Hamiltonian during the simulation
is shown along with the power balance. In the Euler-Bernoulli case, phase velocities are plotted against

3
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theoretical values. Similarly, incompressible Navier-Stokes results are compared to the benchmark [61] and
MEEVC scheme [62].

2. Dirac and Lagrange structures

The geometric definition of pH systems introduces two structures: the Dirac structure that describes the
energy routing of the system, and the Lagrange structure that describes the Hamiltonian of the system. In
the linear time-invariant finite-dimensional case, these structures correspond to algebraic restrictions on the
matrices defining the dynamics, and ensure that the system satisfies certain properties such as passivity and
Maxwell’s reciprocity conditions.

In this article, we define the Dirac and Lagrange structures following [63].

2.1. Finite-dimensional case

Let us denote by (a,e) € R™ x R™ the state and costate of our system, resp., (fr,er) € R" x R"
the resistive port, (up,yp) € R x R"P the power control port, and (ur,yr) € R™ x R™ the energy
control port'. We dropped the time dependency to improve readability, as our primary focus is on linear
time-invariant systems.

Definition 1. Given a matriz J € My rin, (R), such that J = —J", two matrices P,S € Myin, (R),
such that PTS = STP and rank {I‘;} =n+ng, and a matriz k€ M,(R), such that R = RT > 0; the

associated linear pH system reads:

d

EOZ e
fr | =Jer with J = —J ", (1a)
—YD Up
P'S=5"P,
PT<6):ST<O‘) with p (1b)
YL ur, rank {S} =n-+ng,
er =R [r with R=R" > 0. (1c)

J is called the Dirac structure matriz, P and S are the Lagrange structure matrices, and R is the resistive
structure matrix.

Moreover, (1a) corresponds to the flow-effort interconnection (Dirac structure), (1b) corresponds to the
counstitutive relations (Lagrange structure), and (1c) is the relation (resistive structure) between the dissipa-
tive flow and effort variables fr and eR.

Remark 1. Usually, constitutive relations are explicit, i.e., P =1d, and the energy control port is absent,
i.e., ny, = 0. In such a case, defining @ := S, the typical linear pH system of the following form is retrieved:

da e
fr | =Jer with J = —J ", (2a)
—YD Up
e=Qu with Q = QT > 0, (2b)
er =R fr with R=R" > 0. (2¢)

In the general case, however, P # Id, and the constitutive relations are subsequently specified as implicit.
Nevertheless, thanks to the symmetry of PTS and the rank condition of {g} , the following holds:

1Indices stand for Resistive, Dirac and Lagrange.
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Lemma 2. Let P and S as in Definition 1. Let a,e € R™ and yr,ur, € R", satisfying (1b). Then, there
exists a unique pair (A, tr) € R™ x R™™ such that:

() =r@) () =sG) @

These variables are called latent state and latent control, respectively.

Proof. Proof is to be found in Appendix A.1. O

Remark 2. In general, the latent state is a mizture of energy and co-energy variables [15], while the latent
control is an additional control variable.

As it is shown in the next lemma, expressing (1) in latent variables allows the definition of a Hamiltonian
that satisfies a power balance.

Py P2
Py Poy
sizes (precisely, P11 € R*™, Py € R?"L), the associated linear pH system (1) written in latent variables
reads:

Lemma 3. Let J, P, S and R as in Definition 1. Decomposing P = [ ] into blocks of appropriate

%(P171)\+P1,2 ur) e
Ir =J|er |, (4a)

—YD up
() =5() @

YL ur,
ER — RfR. (4C)

The corresponding Hamiltonian is defined as:

HO\ L) = % (ﬁ)T PTS (ﬁ) , (5)

and satisfies the power balance:

d N . . . .
A )= eTa+ yfin = TR Fy vubup + yfis < ybup + yf s, ©)
t ——
<0
Proof. The proof is to be found in Appendix A.2. O

Remark 3. Assuming that the energy control port is absent, i.e., that ny = 0, one retrieves the port-
Hamiltonian descriptor representation found in, e.g., [3].

Remark 4. The Dirac structure matriz may depend on the state «, it is then called a modulated Dirac
structure. In particular, the derivation of the power balance is identical. In Section 3, the incompressible
Navier-Stokes equation is cast in such a form.

Additionally, Lagrange structure [16] can describe nonlinear constitutive relations. The structure enforces
the Mazwell’s reciprocity conditions, which establish that the response in a medium is symmetric with respect
to interchange of source and detector [64]; this is a necessary and sufficient condition for the existence of a
Hamiltonian [19].
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2.2. A toy model: a moving mass

In order to fix ideas and vocabulary, let us construct a simple worked out example.
The classical [1] port-Hamiltonian formalism in the linear case, i.e., with a quadratic Hamiltonian
H(a) == 2o Qa, reads:
{ %a = JQo+ Bup,

yp =BTQa.
where « is the energy variable (the variable of the Hamiltonian which often represents an energy), J is
the interconnection matriz (because it couples the efforts e := grad,H = Qa with the flows %a), it is

skew-adjoint and its graph? is the Dirac structure the trajectories belong to, and @ is a positive-definite self-
adjoint matrix that relates (through constitutive relations) energy variables to co-energy variables e = Qu
(i.e., the derivative of the Hamiltonian with respect to «). Finally, B is a control matriz, and up and yp
are the control (or input) and, respectively, the observation (or output). Together, up and yp constitutes
the power control port as it allows to control the behavior of the power (because the Hamiltonian is thought
as an energy) flowing into the system. Indeed, the power balance is trivially:

d

E,H = yguD.

Now, consider a mass m moving along a fixed z-axis, which can be controlled according to Newton’s
second law: F' = ma, with F' the applied force and a the resulting acceleration. Taking the z-axis constraint
into account implies that such a simple system does not fit into the classical framework briefly recalled
above. Indeed, the constraint makes the potential energy due to gravity constant, hence, independent of the
position g of the mass. Therefore, it leads to @ being only a non-negative self-adjoint matrix. Lagrangian
subspace allows us to go further to include this simple example.

Let us denote ¢ the position of the mass on the x-axis, p := mq its linear momentum, with ¢ its velocity.
The total energy, the sum of kinetic and potential energies, gives a Hamiltonian H := %—I—c. Taking the
position and the linear momentum as energy variables (as usual in Hamiltonian mechanics), the co-energy
variables are respectively e, := 0 and e, := ¢. Clearly, the problem lies in the g-independence of the
Hamiltonian induced by the constraint. Nevertheless, one can write:

d (¢ 0o 1] /0 0
i) = 0] G) b

Now, observe that:

q 1 0
a |mg| |0 1 g\ _|P| (g
e/ |0 0 0| \mg) |S|\\N)’

and the A\ variables are now the latent variables that allow us to recover, up to the additive constant ¢, the

Hamiltonian ‘H = %/\TPTS A from the matrices P and S, which define a Lagrangian subspace thanks to the
. . P

following properties: PTS = ST P and rank {S} =2.

Altogether, this guarantees that the moving mass is a port-Hamiltonian system in the sense of Definition 1
(without resistive port, nor energy control port), and incorporate intrinsically the constraint into the system.
Another way to model this system would have been to consider only the kinetic energy and to set J =0
and @) = 1, or in other words, to consider the constraint eztrinsically by omitting potential energy.

2more precisely the graph of its inverse, see [1, Exercise 1, p. 17|
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Assume now a coefficient & > 0 modeling a friction proportional to the velocity of the mass, i.e., a
friction force Fr := —kq. Then, such a dissipative term can be added to the previous model by adding a
resistive port (fr,er) as follows:

0 0
d
(=17 ] () o enmr
R 01 0 R 0

Finally, assume now that we want to observe the position of the mass rather than its force or velocity
(e.g., because this output is needed for interconnection with another system); it can be achieved by the
introduction of an energy control port (as it controls the behavior of the Hamiltonian directly instead of its
time-derivative), as follows. Let us define (yr,,ur) the energy control port by:

1 0 0

« mq 0 1 O »

ug | _|ue | _ 0 0 1| 1) _|P iq

N 0 0 1 aq IR

yL g 0 & o] \F ) Nl
n 1 0 0 z

where uy, is the latent control. Then, a Hamiltonian reads:
H=3TPTE = ATy IaTa,
2 2 2797
and the associated power balance becomes:
d ~
aH = kfi+ybup + 9 ur.

Beside its simplicity, this example motivates the energetic and modular approach provided by Dirac
structure and Lagrangian subspace.. Furthermore, this geometric standpoint allows one to switch input
and output. For instance, one could control the position of the mass in the previous example by only
switching the roles of uy, and yy. The price to pay is that the control becomes a constraint that has to be
satisfied, e.g., using a Lagrange multiplier, for the resolution. Nevertheless, it is important to understand
that integrating the constraint into the system using Lagrangian subspace gave access to the position ¢ for
a control perspective, which would have been far more demanding otherwise.

In summary, Dirac structures are meant for power-preserving exchanges between each elements of the
system (through the interconnection matrix), while Lagrange structure enforce Maxwell’s reciprocity condi-
tions for the constitutive relations (PTe = STa), from which a Hamiltonian satisfying the expected power
balance can be derived, thanks to the latent variables.

2.8. Infinite-dimensional case

Difficulties arise when extending the pH framework to distributed pH systems, i.e., when the system’s
states also depend on a space variable. In particular, boundary terms and operator domains have to be
taken into account. In this section, only a brief overview of the matter is given, the reader may refer to [65]
for an extensive study along with well-posedness results. In particular, Stokes-Dirac structures [66] have
been studied extensively as a special case of Dirac structures, where integration by parts (Stokes’ theorem) is
encoded in the subspace, this allows the corresponding boundary terms to be expressed as boundary control
port [7].

Recently, Stokes-Lagrange structures have been defined on 1D domains [18] and nD domains [19] in order
to adapt the Lagrange structure approach to infinite dimensional systems. Stokes-Lagrange structures are
similar to Stokes-Dirac structures as they take into account the integration by parts. Moreover, they allow
for the treatment of implicit constitutive relations in the distributed pH framework.

7
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Definition 4. A Stokes-Dirac structure (respectively, a Stokes-Lagrange structure) is a Dirac structure
(respectively, a Lagrange structure) of infinite dimension that makes use of the Stokes’ divergence theorem
(i.e., integration by parts).

In this work, we will use the definition presented in [19]. Let us consider a domain @ C R™ and
define a storage port, a power control port, a resistive port [1] and an energy control port [17]. To define

the storage port, let us consider a state space X = L?(2,R"), a flow space F, := X, an effort space
Es = X' ~ L*(Q,R"), and a latent state space Z = L?(Q,R"=). Then, regarding the power control port,
let us define the observation space as a Hilbert space F, and the control space as its dual® F, = &/.

Moreover, let us define the spaces of the resistive port as a Hilbert space Fg for the flows and its dual
Er := Fp, for the corresponding efforts. Finally, to define the energy control port, let us consider the control
space as a Hilbert space I/ and the observation space as its dual Y = U/’.

Now, in order to define the Stokes-Dirac structure, we will consider three operators: J : D(J) C E,xEr —
Es x Er, along with observation/control operators K : D(J) — F, and G : D(J) — &, as defined in [19],
i.e., such that (7) holds and {g} is onto in F,, x &,. The property extensively used in the following and

which should be emphasized here is the skew-symmetry:
Vz € D(J), <JZ,Z>gS><gR = <GZ,KZ>5W‘7:U. (7)

This latter identity, an Abstract Stokes’ divergence theorem, is indeed a skew-symmetry property if one
considers it on the subspace Wy := ker K Nker G. Furthermore, if Jy := J|, satisfies JJ = —J (the star
J
K
Id
G

Similarly for the Stokes-Lagrange structure, let us consider four linear operators: a possibly unbounded,
closed, and densely defined operator P : D(P) C Z — X, together with a bounded operator S : Z — &;,
and two control and observation operators 5 .: D(P) — U and v : D(P) — Y. The property that will be
used in the following is the symmetry:

denotes the adjoint operator), then D := D(J) is a Stokes-Dirac structure, see [66].

V21,22 € D(P), (yz1,fz2)yu + (P21, S82)x e, = (P22, Sz1)x g, + (22, Bz1)yu- (8)

Similarly to the finite dimensional case, the operators P and S must satisfy some maximality condition
which, given a suitable subspace Zy C D(P), reads similar to (A.1):

* * P
ker [S,ZO —Plzo] C Ran { 5] , (9)
where the star denotes the adjoint operator.

The reader may refer to [67] for a study of the existence of such a subspace.

Remark 5. In this work, we assume that S is a bounded operator and allow P being unbounded, as it will
always be the case for the examples presented in Section 3. One may refer to [68] for 1D distributed examples
where S is unbounded, and to [69] for a discussion on the discrete equivalence of such representations.

We can now state the definition of a distributed pH system.

Definition 5. Given Stokes-Dirac structure operators J, K, and G, Stokes-Lagrange operators P, S,~, and
B, as defined previously, let us define the latent state A : R x  — R" co-state e : R x Q@ — R™ and

3Duality is meant topologically.
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resistive flow and effort fr : R x Q@ — R"E ep : R x Q — R"E; the corresponding linear distributed pH
system reads:

(Pf?> =7 (;) ’ (10a)
=i i
(5 -() () -(). o

with (up,yp) the external power port variables, and (ur,yr) the external energy port variables.

Remark 6. In previous work [18], the energy port variables are denoted by (xs,cs), here the choice is
made to denote them by (ur,yr) in order to emphasize on the control and interconnection purposes of these
variables, related to the Lagrange structure.

Furthermore, we point out that Definition 5 is indeed an infinite-dimensional counterpart to Definition 1,
but making use of the latent state variable to avoid the adjoint of P and S, and with control and observation
boundary terms expressed separately from J (for up and yp) and P and S (for ur and yr,), as often in
boundary control systems theory.

The following lemma gives us the Hamiltonian and power balance:

Lemma 6. The following functional is a Hamiltonian of the system (10):

H() = (PSR + 2 (M By ()

The associated power balance reads:

d
&H = (up,yp)e,.F. + (Our,yL)yu — (fr, RfR) Fr.en-

Proof. The proof can be found in [56, Subsection 2.5]. O

Remark 7. It is important to notice that (11) is not the unique Hamiltonian that can be defined for
system (10). FEwven if one umposes the Hamiltonian to be a quadratic functional, it remains non unique.
Indeed, a Legendre transform on the boundary term YA provides the alternative definition:

~ 1 1
H()\) = §<P/\,S)\>x,gs - §<’Y>\,ﬁ)\>3},ua

for which the power balance becomes:
d ~
= (up,yp)e, 7. — (L, Oyr)yu — (fr, RfR) Fp.cn-

From a control perspective, choosing H or 1 gives us access to different input and output variables.

The goal of this work is to model physical continuous examples, the Lagrange structure of which contains
a non-trivial P operator (e.g., implicit constitutive relations) and apply a structure-preserving Finite Element
method in order to discretize an infinite-dimensional pH system (10) into a finite-dimensional pH system of
the form (4). In other words, we aim at discretizing implicit distributed pH systems, while preserving both
Dirac and Lagrange structures.
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3. Continuous models

3.1. Nanorod equation

Given a domain Q = (a,b), let us consider the following 1D equation that describes the longitudinal

motion of a nanorod [18]:
€ 0 0. (o
() =la 5] C) w

together with constitutive relations defined later, with € the strain, p the linear momentum, o the stress,
and v the velocity. Now, we must define the constitutive relations that connect the state (¢, p) and co-state
(0,v) variables. In the linear local case, these are usually given by v = p/p and Hooke’s law o = Fe, where
E is the Young’s modulus and p the mass density. Then, Eq. (12) becomes the classical wave equation.
However, due to the scale of the studied system, these constitutive relations do not describe accurately the
dynamics. To solve this issue, nonlocal effects between stress and strain variables have to be taken into
account [57] in the constitutive relations.

3.1.1. Nonlocal constitutive relations
The general formulation of a linear nonlocal constitutive relations reads:

b
o(z) = / Gla,a') e(a') dit, (13)

with, for all z,2" € R, G(z,2') = G(¢/,z), G(z,z) > 0 the kernel operator. Different operators G have
been proposed to model this nonlocality, see in particular [57].

Remark 8. Such a relation could be used in a finile element software, however, as observed in data as-
similation [70], such an explicit operator yields dense stiffness matrices, which largely impedes numerical
computations. Choosing a specific kernel that is the Green function of a differential operator allows for
an implicit formulation that greatly reduces the computational burden [71]; thanks to the sparsity of the
corresponding matrices, and despite of the additional linear problem to solve at each time step.

In the current 1D case, we consider the relation:

o(z) = /ab 2igexp (— i _€ $/|> Ee(2')dz’ = (h x Ee)(x), (14)

with ¢ the characteristic length of the nonlocality, and G(z,2’) := h(z — ') := 3; exp (—Jw_Tw/l). Then, h
is the Green function of [72] Id —¢?9?%,. More precisely, following (73], it holds:

Theorem 7. For all e € L?(Q) and ¢, E € R, such that { >, E > 0, there exists a unique o € H?() such
that:
(Id —¢? 0%)o = Ee, (15)

and,

(16)

Moreover, the solution o satisfies (14).

Remark 9. As observed in [73], the Robin boundary conditions (16) are prescribed by the integral constitu-
tive relations (14). Hence, in addition to its computational efficiency, (15) also allows for assigning different
boundary conditions.

10
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3.1.2. Implicit nanorod equation
Gathering the previous results leads to the following nanorod equation:

e\ |0 Oz (o
*(6)=1a. 5 () )
(Id—£202%,) 0] (o) [E 0] (¢
[Oxldv_O%p’ (17b)
with the Robin boundary conditions: (16).
Notably, (17a) defines the Stokes-Dirac structure and (17b) defines the Stokes-Lagrange structure of the

92 92
(1d —£2 02,) o]and

system, see, e.g., [18]. Moreover, denoting the Lagrange structure operators by P := { 0 Id

o 1

p
Hamiltonian for (17). Let us define the latent state variable as A := -0, one can rewrite (17) as:

0, [(Id _ff 0) Iod] (2) _ [ gx %] (Z) (150

()=l 36) sy

with the Robin boundary conditions: (16). (18c¢)

E 0
S = [ ] , we have formally on C§°([a,b],R), P*S = S*P. Let us now follow [18] in order to find a

Both (17) and (18) are a representation of the nonlocal nanorod equation. Nevertheless, the latter enables
the computation of an explicit Hamiltonian that can be evaluated at each timestep, as shown in the following
lemma.

Lemma 8. A possible Hamiltonian for the nonlocal nanorod equation (18) which satisfies a power balance,
given arbitrary boundary conditions for o, reads:

1 1
), )i 5/ (24 £ (0,0 + ~p* de. (19)
The power balance of (18) then reads:
%’H(/\,p) = [o 0]} + [0 B0, N]), (20)

and with the Robin boundary conditions it becomes:

RO = 2| @0) p(a) + 0p(0)p0) + B @A@A(@) + 9A0AD)] (21)
Proof. The proof is to be found in Appendix A.3 O

In particular, the system may be considered conservative if one defines the appropriate Hamiltonian:

Lemma 9. The conservative Hamiltonian of the nonlocal nanorod equation reads:

Hanh0) = MO0+ 5 (50007 + (@) + EAGP +X0P)).

Proof. The proof is to be found in Appendix A.4. O

11
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Remark 10. At first glance, one could think that the boundary condition (16) is only taken into account in
the constitutive relation. However, this result shows that it also affects the power control port of the Dirac
structure.

Moreover, one could have predicted the Hamiltonian H to be modified into Hgop by adding an additional
term that depends on \ only, here a somewhat unexpected term that depends on p is proven to be present.
Such results highlight the fact that (16) affects both A and p variables and “adds” energy at the boundary.

Lastly, one can write the co-state formulation of (18) in order to remove the algebraic constraint due to
the constitutive relations. Replacing A and p by ¢ and v yields:

0 Ld —062 2,) g] (Z) _ { 801 Bow] (Z) (22)

with the boundary conditions (16). Such a formulation reduces the number of variables required at the
discrete level, accelerating the numerical simulations while lowering the memory usage of the system.

3.2. Implicit Euler-Bernoulli beam

We focus now on the vibrations of a thin beam. However, it is well-known that the Euler-Bernoulli
equation for this model is neither nonlocal nor implicit, see e.g. [58, 51]|. Nevertheless, we recall that this is
a matter of simplification in the limit of low wavenumbers, and that the shear model obtained by neglecting
the inertia of cross section in the Timoshenko model is indeed implicit, as mentioned in [58, Eq. (13)]. It
can also be derived in a more direct manner, as done in Appendix D.

Without external force, the equation of motion for the Euler-Bernoulli beam (D.1) reads:

h? 9%\ 0? ot

hll——== )5 D—w=0.
r ( 12 a:ﬂ) oe T Ve

Let us recast it as a pH system.

Lemma 10. Denoting by € = aa—;w, the second spatial derivative of the displacement, p = ph(1 — }f—;)%w,

the linear momentum, v = dyw the velocity, and o = De the stress, the implicit Euler-Bernoulli beam model
written as a pH system reads:

0 (e 0 552 o

7o)~ L 510) a2

[151 ph(1 —O%agz): <g> - [6) 1?1] (;) (23b)

Moreover, the co-energy formulation is:

D! 0 1 (0 0 0%] (o
= e ) 24
o ma-gan] (o) [ T C) ey
Proof. Once the choice of energy variable has been made, the port-Hamiltonian formulation of the system
is simply a reformulation of the original system. O

Finally, let us write the Hamiltonian along with the power balance and boundary ports:

Lemma 11. A Hamiltonian for the Fuler-Bernoulli beam is made of the sum of the kinetic and potential
energy IC and P written as functional of the state variables:

L P S IR N W
"H(a,v):§ ph v —{—1—2 727 + D o*da, (25)

moreover, the power balance of the system is:

d h? ’
&H(O’,U) = [phv 3 Btamv] + [0 0,0]°% — [vdy0]’. (26)

a

12
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Proof. A direct computation yields the desired result. O

From this lemma, one can identify power and energy ports, e.g., as follows:
o= ((0) % (5y))
bty o= (0. () o= (). ()

which correspond to the classical simply supported boundary conditions (when controls are set to zero).
Other types of boundary conditions could be considered, leading to some kind of Robin boundary conditions,
as for the nanorod case, see [59, Table II].

Remark 11. This model was studied previously in, e.g., [59, 58] (with a tension Ty # 0). It was demon-
strated that the behavior of the phase velocity and group velocity is closer to the Timoshenko beam than the
classical FEuler-Bernoulli beam model. Additionally, due to the non-trivial P operator, and considering a
solution given as a monochromatic wave, ¢'**=%Y  the phase velocity < = kv/D/+/ph(1 + (h2/12) k2) re-
mains bounded at high frequency, which is not the case for the classical Euler-Bernoulli beam model. These
properties advocate for the use of this model, especially for beams of moderate thickness.

3.8. Incompressible Navier-Stokes equation
3.3.1. Port-Hamiltonian representation

Let us now study a nonlinear model: the incompressible Navier-Stokes equations written in port-
Hamiltonian formulation with vorticity and stream function as state variables. Let us consider a 2D or
3D domain © and recall the homogeneous incompressible Navier-Stokes equations [60, Chap. 1]:

{po(at +u - grad)u = —grad(p) + pAu, (28)

div(w) =0

With w the fluid velocity?, p the fluid density, p the pressure, and p the viscosity.
Using classical vector calculus identities, this can be recast as:

po Oyu= —grad(p + '%O|u|2) — pocurl(u) x u + pAu.
Now, taking the curl of the previous equation and defining the vorticity w := curl(u) yields the equation
of vorticity: ppOiw = —pgcurl(w X u) + pAw. Let us now restrict ourselves to a simply connected 2D
domain, with u = (uz uy)T and w = w, and define the reduced [74, Chap. 9] operators grad® = [ 85 ]
— Uz
and curlyp = [—ay 390].

Remark 12. In 3D, the operators grad, curl and div define a de Rham complex over k-forms as detailed
in [75]. In 2D, this leads us to a reduced complex, see Figure 1.

grad curlsp
A°(Q) ANQ) A2(Q)
— —
—div gradL

Figure 1: Reduced complex of the Navier-Stokes equation on a 2D domain, with A¥ (2) denoting the space of k-forms over €.

In particular, curlopgrad = 0, div grad® = 0, moreover, — div is the formal adjoint of grad and grad=*
1s the formal adjoint of curlsp.

4Vector fields are written in boldface.

13
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Remark 12 along with the incompressibility assumption imply that there exists a stream function 1 such
that w = grad® . Moreover, let us define the vorticity as: w := curlyp (w). In particular, the constitutive
relations linking ¢ and w reads:

—AY =w, (29)

the proof is to be found in Appendix B. The equation for the vorticity becomes:

po Opw = —pg curlyp (G (w) grad ™) + pAw,

with G(w) = 0 _Ow} . As explained in e.g [62, 76, 44, 77], in addition to the kinetic energy, the enstrophy
is also a quantity of interest in the 2D setting. Using ¢ and w as state variables, they are defined as:
KC(a) = PO 1112 . Po 2
W) :== [ |lgrad~¢||°dz, E(w):= | w”dx. (30)
2 Ja 2 Ja

Following [52], let us define J,, := curlyp(G(w)grad™(-)) = div(w grad=(-)), and choose the stream function
1 and vorticity w as new state variables. Using the kinetic energy as the (implicit) Hamiltonian, the dynamics
of w yields:

po Ow = —po div(wgradt(ex)) + pAw, with  — Aex = w, (31)

whereas using the enstrophy as the (explicit) Hamiltonian, the dynamics of w reads:
po Byw = —po div(es grad™(¢)) + pAw, with e = w. (32)

In (31), w is the modulating variable and 1) is the effort variable. In (32), ¢ is the modulating variable and
w is the effort variable. Writing the dynamics of the stream function ¢ using the co-energy formulation of
(31), and writing the dynamics of w using (32) gives us the following coupled pH system:

Lemma 12. The incompressible Navier—Stokes equations on a 2D domain written as a pH system in vor-
ticity — stream function formulation reads:

—poA 0] (Db —J 0 A% 0 Y
[ 0 po} (éw)‘ o [ 0 —div(gradﬂw)-)}‘“[o —A] <w) (33)
N———

P =:J(¢,w) R

with the Hamiltonian as the sum of the kinetic energy and enstrophy H(v¥,w) = K(¢) + £(w).

Proof. First, writing (31) using 1) instead of w as the state variable gives us a co-energy formulation:
—po Adyp = —pp div(w gradJ‘(e;g)) — pA%p,  with ex =1

Then, recalling that J,, = curlyp(G(w)grad(-)) = div(w grad*(-)), gives us the first line of (33).

Most notably, 1 is the energy variable, the kinetic energy K is the Hamiltonian, and w modulates the
Dirac structure.

Then, the dynamics of the vorticity w is given directly by (32), where the enstrophy & is the Hamiltonian,
with w as energy variable and ¢ modulates the Dirac structure. O

Remark 13. Note that both (31) and (32) are equivalent. However, choosing different Hamiltonian allows
for different Dirac structure matrices to be obtained, and will allow us to prove the conservative properties
of the discretized system in the following sections.

Remark 14. The Hamiltonian H(¢,w) is separable, and J(1,w) is block diagonal. Hence, the coupling
only occurs through the modulation of J by each state variable, which is a quite original feature.

14
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Let us show that such a system is indeed pH. Defining S = I, we have that (33) reads: Pd; (g) =

(J(Y,w)—R) S <z) . From the fact that A is formally symmetric, we deduce that P*S is formally symmetric.

Let us now state that J is formally skew symmetric.
Lemma 13. Let w € H'. Let 1, ¢y, 2 € H?, then:

/¢1Jw¢2dx:—/¢2Jw¢1 dx+/ pwn-gradt(¥)ds+ [ Ypwn-grad®(y)ds.
Q Q o

o0

/ ¢ div(grad® (¢)¢s) do = — / ¢y div(grad® ()¢, ) dz. + / ¢1 2 - grad™® () ds
Q Q o0

Proof. Proof is to be found in Appendix A.6 O

The Stokes-Dirac structure of this model is modulated by the state variables w, ¥, hence the nonlinearity
lies in the Dirac structure, but not in the Lagrange structure. Such a property proves useful as it allows
for energy-preserving time integration methods with linear steps, more precisely, fixing J(w, 1)) between two
time steps makes the system linear while keeping the operator skew-symmetric [76, 78]. The power balance
reads:

Theorem 14. Given two state variables w(t,x),¥(t,x), the power balance along a trajectory of (33) reads:

d
@ == [(@Pds- [ pwsn gradt@)ds - [ v ugrad(dv) nds
Q 99 T~ N————— _~—

o0

=yp =l =93 =2 (34)
+ / n - grad(y) p Ay ds + / po Oy m - grad(v) ds,
=y =uy, = =urL

d
—&(w) = —,u/ ||grad(w)]|? d —/ pow t-grad(w) ds —/ w pun-grad(w) ds. (35)
de Q 90 N — 09 7 Y————

. —.4 =: —-1
=wp =} YD =u?,

In particular, with zero boundary conditions, and using the fact that —Ay = w, one gets:

d d
T = —2pe@), @) = [ llerad(e)] P da,
dt dt Q
Proof. A direct computation yields the desired result. O

Notably, the observation y% is the Dirichlet trace of ¢ and y?, is the Neumann trace of 1.

8.8.2. Boundary conditions

Boundary conditions for the vorticity are notoriously difficult to treat, as they do not appear naturally in
the equation [79, 80] and adding such condition usually leads to nonlocal boundary conditions that require
an additional system to be solved at each time step [81]. Alternative approaches have been discussed in [62],
where numerical results are presented to exhibit the properties of the various conditions discussed. In this
work, the impermeable no-slip boundary condition is considered on the whole boundary of the domain. As
a consequence, it is required that: n - gradj‘(z/})‘ag =0, n-grad(y)sg =0.

Using the previously defined control and observations, this gives us:

Contrarily to previous approaches, i.e., [81, 62], here the no-slip condition 0 = n - grad(v)|s0 = y3, is kept
as an algebraic constraint. Usually, one can differentiate this boundary condition with respect to time and

15
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replace it by the vorticity; yielding a nonlocal boundary condition on the vorticity. Here, the constraint
is kept, and the system becomes a differential algebraic equation where wjsq plays the role of a Lagrange
multiplier. This offers two advantages; firstly, additional costly steps are avoided, such as computing the
pressure on the whole domain. Secondly, boundary ports are available in order to compute the enstrophy
balance at each timestep: showing where and when enstrophy is generated and allowing for the computation
of the enstrophy balance error.

Using —A1) = w, additional constraints are derived: u% = —py%, u% = —u?,. Finally, gathering these
conditions yields:

Lemma 15. Imposing the impermeable no-slip boundary condition to the incompressible Navier-Stokes equa-
tion (33) yields the following set of constraints:

cocoo
cocoo
coc o~
cox ©
o~ oo
—o oo
coro
—o oo

<

»—'UU\CAD[\')

|

=)

—

o

=

S~—

This set of equations shows that in order to impose the no-slip condition y?, = 0, the corresponding
control u3, becomes a Lagrange multiplier. Moreover, from u3 = —puy? = —pu wiaq, we deduce that
vorticity has to be nonzero at the boundary. In particular, we get that wjpq = iu?’D, hence the lower the
viscosity p (i.e., the higher the Reynolds number) the more vorticity is being generated at the boundary.

Note that u3, = pn - grad(w)|pn is a Lagrange multiplier as well, and corresponds to the vorticity
generated at the boundary. Finally, given that uj, = —u3,, this generation of vorticity is also affecting the
dynamics of the stream function, however siice the collocated observation y3, is set to zero, this vorticity
generation does not appear in the power balance of the kinetic energy.

3.3.3. Enstrophy creation and kinetic energy dissipation
Using Lemma 15, we get the enstrophy balance and power balance:

Lemma 16. The enstrophy balance with the no-slip boundary conditions reads:

d 1
—&(w) = —u/ ||lgrad(w)||* dz — —/ ubhud ds. (37)
dt Q HJaq
Moreover, the kinetic energy balance reads:
d
SHOW) = ~2uE(w). (38)

Proof. Using the power balance provided in Theorem 14 with the boundary conditions of Lemma 15 yields
the desired result. O

Lemma 16 proves that enstrophy is dissipated in the domain and is generated solely at the boundaries
of the domain. Moreover, for some fixed Lagrange multipliers u3,,u%,, the generation of enstrophy at the

boundary increases as u decreases.

4. Spatial Discretization

This section aims at presenting structure-preserving spatial discretizations of the three previous models.
In particular, this procedure yields discrete Dirac and Lagrange structures [63], corresponding to their
infinite-dimensional Stokes-Dirac and Stokes-Lagrange counterparts.

16
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Keeping structures intact ensures that the discrete system satisfies a power balance that mimics its
continuous counterpart; hence ensuring properties such as passivity and energy preservation. In particular,
neglecting these structures can lead to nonphysical behaviour and even make dissipative systems unstable,
see [33] for an example.

4.1. Nanorod equation

The structure-preserving spatial discretization of the wave equation as a pH system is already well
known (see e.g., [54]). Here the additional difficulty is the implicit constitutive relation. In order to properly
discretize (22) into a finite-dimensional pH system, we will take care of preserving the symmetry and skew-
symmetry of the Lagrange structure and Dirac structure matrices, respectively. Moreover, one should be
particularly cautious of the Robin boundary condition (16) as it will be of importance both in the Dirac
and Lagrange structure discretizations. In particular, we will first write the weak formulation with general
boundary conditions in order to exhibit the power control port and energy control port at the discrete level,
then apply these conditions. As a consequence, one first retrieves the energy and power control ports that
correspond to the continuous case, then closes the system using provided boundary conditions.

4.1.1. Weak formulation
Let us consider a test function ¢ € H'([a, b]), then let us multiply both lines of (22) by ¢ and integrate
over the domain:

8tfab¢pvdx = fa ¢ Oyodx.

The left-hand side of both equations corresponds to the Lagrange structure operator P, while the right-hand
side corresponds to the Dirac structure operator J.

{(%fabqb (1—£20%) 0 de = f $0wda,

Symmetry of P. To exhibit the symmetry of P, we will apply an integration by parts on the left-hand side
of the first line, additionally revealing the energy control port.

Skew-symmetry of J. To show that .J is skew-symmetric, we have to choose on which line the integration
by parts is carried [54]. Here, let us choose the boundary force as a control and integrate by parts on the
second line.

Carrying out both integrations by parts yields:

8tf (b0 + 20,0 0,0)da —[¢ 8(15 f ¢ Opv du,

%,_/
Energy control port (39)

0y f:qbpvdx = —f: Orpodx + [po]
———

Power control port

Robin boundary conditions:. Before discretizing the system, let us finally apply the Robin boundary condi-
tions (16). Denoting by n, = —1, n, = 1 the outer normals, we get for the integrated terms of (39):

L 02

Eatd(t, s) + E(azata(t7 s))ns =0,

o(t,s) = —£(Dxo(t,s))ns = —L(p Oru(t, 8))ns,

where the latter equality is due to the equality pO;v = 0,0. Using these two results gives us:
0 [P L(po+020,60,0)dx + ¢(a) L diolt, a)+¢( )L Dot b) = [ ¢, da,
O fab ¢ pvdz + ¢(a) Lpu(t,a) + ¢(b) Lpu(t,b) = — f Oypodx.

Note that since the conditions are homogeneous, the controls do not appear in the equations anymore.
For the sake of completeness and clarity, we will now carry the discretization without the Robin boundary
conditions, then in a second stage, apply these conditions.

17
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4.1.2. Finite Element approximation

Let us now discretize (39). This system is composed of two state variables ¢ and v. Due to the choice of
causality, the spatial derivative of v is evaluated strongly, hence has to be discretized in H'. Moreover, due
to the operator in front of o, it has to be discretized in H' as well. Let us choose (¢i)iei,n) the set of p!
Finite Element family over the points a = 21 < z9 < ... < xy = b satisfying Vi, j € [1, N], ¢:(z;) = §;(j)
and write the discretized versions of o and v as follows:

N N
ol(t,x) = Z gi(x)Ti(t), v(t,2) = Z $i(x)vi(t).

Moreover, we will denote the value of 9,0 - n at both boundaries by ur(t) € R? and the value of o - n at
both boundaries by up(t) € R2. Then, for all i € [1, N], (39) reads:

N 1 b b d N b
a a j=17¢@

=1
+ 61(1')@2(1%)1 + 5N(i)€

2
Edt Edt
N o d N B
> [ oiporde =<3 06005 e,
j=1"¢ j=17¢@

+61(i) (up)1 + On (i) (up)2-

(UL)Qa

Matrices definition. Let us now define the matrices:
b b b
M;; = / pipjda, M = / poigjde, Kij= / 0p¢; 020 d,

¢1(a)  ¢1(b) 10

’ .
T I

’ : : )

on(@ ox®)) o |

This allows us to write the discrete system as:

1 d 2 _d
“(M+PK)—5=Dv+—B—
M+ EK) 5o v EP gt
d
M”&ﬁ =-D's+ Bup.

Lagrange and Dirac structures. Let us now define two matrices that will allow us to bring to light the pH
structure.

Definition 17. The discrete Lagrange and Dirac structure operators read:

LM+K) 0 -LB M 0 0 0O D B

P .= 0 Mr 0 ., 8S=M:=|0 M 0 |,J:=|-D" 0 0

_% BT 0 0 o o M? -B" 0 0
The energy control port is linked to an energy observation port defined as: M%;, = —%BTE, and the
power control port to a power observation port as: M?%yp = —B 5. Moreover we get the following lemma

immediately:
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Lemma 18. The discrete Lagrange and Dirac structure operators satisfy the following symmetry and skew-
symmetry properties:
P M ls=8s"M!P, J=-J".

Remark 15. In the setting of Section 2.1, the symmetry of P*S (where a star denotes the adjoint) is
expressed with the usual Euclidean inner product on R" ™. hence P* = PT, and checking the symmetry
of the operator P*S amounts to checking the symmetry of the matriz PTS. However, when applying the
Finite Element Method, an invertible mass matriz M appears on the left-hand side of (4b). The symmetry
condition is then expressed using the weighted inner product (-, )y-1, and checking the symmetry of P*S is
then achieved by checking the symmetry of the matric PTM™1S.

Remark 16. The choice of representation made for this system yields a trivial operator S = M, hence the
symmetry condition PTM™'S = STM~'P can be replaced by PT = P similarly to the Dirac structure
operator for which JT = —J.

Let us now define the Hamiltonian
Definition 19. The Hamiltonian of the discretized nonlocal nanorod equation reads:

T

P
ur, wuy,

1
d—_
H‘z

STIS|
SIS

Robin boundary conditions. Finally, let us add the Robin boundary conditions.

Lemma 20. At the discrete level, the Robin boundary conditions read for the energy control port:
B+ ¢ M%uy =0, (40)

and for the power control port:

o pla) 0 | prd_
MZup+ 4 [ 0 p(b)} B dtv—O. (41)
—_——
::M;9
Proof. The proof is to be found in Appendix A.5 O

The discrete system endowed with Robin boundary conditions now reads:

%(M+€2K+£BBT)%E:D6,
M?+¢BM?BT i@: -D'G.
( P )dt

Finally, one can define the Lagrange structure matrix with the Robin boundary conditions as:

P [%(M+£2K+£BBT) 0 ]
Rob -—

0 (In+(B MpaB D)
Which satisfies the symmetry assumption: Pgrqp, = Pgob.

Definition 21. The Hamiltonian of the discretized nonlocal nanorod equation with Robin boundary condi-

tions reads:
1/(7\ " 7
d = —
HROb B 2 <i> PROb (ﬁ) .
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4.2. Implicit Euler-Bernoulli beam

The philosophy remains identical for the implicit and explicit Euler-Bernoulli beam models. We first
write down the variational formulations and perform integrations-by-parts where appropriate, i.e., on each
occurrence of 82, in (24)—(27). Let ¢ € H*(a,b), the variational formulations read:

b b
D_lat/ ¢podr = —/ 8$¢6mvdx+[¢8mv]z,

a

b B3 b b” , B3 ,
ph at/ ovdx + pﬁat/ 0, ¢ Oyv da / 0z Oyo dx — [¢ Op0], + P O [¢ O], .

Using the same discretization and notations as for the nanorod, the above formulations allow to obtain the
space discretization of (24)—(27) as:

D'M 0 0 00 5
0 phM+EyK —25B 0 0 |7
_eh’ BT —
0 "B 0 0 0] g7 | ¥
0 0 0 00 Yp
0 0 0 00 YD
P
0 -K 0 0 B| /@ 0 0 0
K 0 0 -B 0| ® 0 0 0 Lup,
= 0 0 0 0 O0(lwy, |+ M2 0 0 uky (42)
0 BT 0 0 0|y 0 -M? 0 u?,
-BT 0 0 0 0] \y} 0 0o M?°

J

Lemma 22. Following (5), an appropriate discrete Hamiltonian is given by:

D! h h? h3
HY = TETME—i— % (UTMWF EﬁTIﬁ) - pl—QyIBTﬁ.

The power balance then reads:

a d
M= —yp M%up, +ypT MOuj, + yZMGEUL-

Another possibility is to discretize the continuous Hamiltonian (25) directly, yielding:

D! h h?
HY = 5 7' Mg + % <5TM6+ ﬁﬁTKﬂ) :

The power balance then reads as the continuous one (26):
d, g d -9
—HE = —y; M°uy,.
@t agdr e
Furthermore, the Lagrange structure matrices are P defined on the left-hand side of (42) and S := M :=
Diag(M, M, M? M? M?), satisfying PTM~'S = STM~'P. The Dirac structure matriz is given by J
(on the right-hand side of (42)), and satisfies: J' = —J.

yp M up +yh M uj, +

s\ (DM 0 0 5
Proof. First, following Lemma 3 we have H{ := % v 0 phM + %K —%B v | =
uL 0 — BT 0 yL

D;ETME—I— %h (ETMﬁ + %ETKﬁ) — pl—h;y—L'—BTﬁ, the power balance is then obtained by a direct compu-

tation.
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Regarding Hg, we have:
I 20 2\
Hy(0,0) - = H(o", ") = 5 / ph | (0" + 55 <£“d> + D7 (o) dz,
1 ’ h2 (0 0 -
= 522/ ph <¢z‘¢j 1 (@d&) (8_x¢j)> 5,0 dz
i 4 Ja
b
“X 3 [ D70y e
i 4 Jo

D1 h h?
== o' Mc + '% <6TME+ EfK@) ,

and the power balance follows by direct computation. O

Note that Remark 16 also holds in this example.

4.3. Incompressible Navier—Stokes equations

In [44], a staggered time-scheme is presented, allowing for both the enstrophy and kinetic energy to be
preserved. More precisely, for a given time step tx, the fluid wvelocity w is computed from tj to tpy1 using
the vorticity w at the time t;,/o; likewise, the vorticity is then computed between t;41/2 and 43/ with
the value of uw at t;41. Such an approach has two advantages: firstly, it allows for linearizing the evaluation
of the Lamb vector wy X uy & wy41/2 X ug between each fimestep, and secondly, this scheme preserves both
the kinetic energy and enstrophy up to machine precision.

Writing the INSE as two coupled modulated pH systems (33) allows us to directly conclude on the con-
servative properties of the staggered scheme presented in [44]. Indeed, fixing J(1),w) at timestep tj in order
to compute timestep t;1 keeps the structure matrix J(v,w) skew-symmetric; ensuring the preservation of
the Hamiltonian as proven in the following lemma.

Lemma 23. Let (wo tbo)T € H'x H', a fived state. Let [w(t,x) w(t,:z:)]T the state satisfying the
dynamics of the fixed Dirac system defined as:

[_pOOA pﬂ (g@: {” ’ Hwo —div(gr:dlwo)-)]‘“[f —OA” (f) (43)

Then, such a state satisfies the following power balance:

%IC = (Po Y Oy(n - grad(v)) + potp wom - gradl(w)> ds
a9

+,u/ (—¢Yn-grad(Ay) + Ay n - grad(y)) ds — ,u/ |Av|? da.
09 Q

1
—& = / po = w?n - grad® (o) — pwn - grad®(w) | ds — ,u/ lgrad ™ (w)|? dz.
dt 00 2 Q
In particular, with zero boundary conditions, this system is dissipative.

Proof. The result is obtained simply by using the previously stated Theorem 14 and replacing w by the fixed
state wy for the kinetic energy, and ¢ by the fixed state ¢y in the enstrophy balance. O
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4.3.1. Weak formulation

Let ¢1,¢2 € H', two test functions and write the weak formulation of the INSE written in vorticity—
stream function formulation (33):

—po/ﬂ(blAatwdx: —/on ¢ div(w gradJ‘(q/z))dx—u/ngl A% dz,

(44)
po/ P20wdx = —/ o P2 div(gradl(w) w)dx + ,u/ P2 Aw dz.
Q Q Q
Let us now perform multiple integrations by parts to reveal the boundary controls of the system:
o [ grad(ér) - dugrad(v)do = | o010 grad(0)ds + [ pow grad() - grad* (1) ds
Q o0 Q
—/ po 1 wn.gradl(zp)ds—u/ A¢y Ay dz
a9 Q
— 1 ¢1n - grad(Ay)ds + p Aypn - grad(¢)ds, (45)
a9 oQ

£0 /Q P20iwdr = — /Q 00 gradL(qi)g) -grad(w) Y dx — /69 pod2 0t - grad(w)ds

- u/ grad(¢,) - grad(w) dm—l—,u/ ¢pam - grad(w) ds.
Q 00

Note that the integration by parts applied on the integral [, ¢ div(w grad™ (¢)) dz is carried out differently
between the first and second equations, as in the first (resp. second) equation w (resp. ) is considered the
modulating variable, while 1) (resp. w) is the effort variable. Making this distinction will allow us to prove
the skew-symmetry of the corresponding matrices.

The blue boundary terms in the first and second equations correspond to power ports of the Stokes-Dirac
structure, and the violet boundary terms to power ports of the resistive structure (friction at the boundary).
Lastly, the red boundary term in the first equation corresponds to the energy port of the underlying Stokes-
Lagrange structure. Notably, the 5 boundary controls are: uy = n - grad(¥)|sq, ul, = n - grad™® (V) ]aq,
u?, = n - grad(Av)|sq, uh = Ao, ut =t- grad(w) s, and u%, = n - grad(w). Using the fact that
t-grad® () = —n - grad(¢)) allows us to rewrite (45) as:

po/ grad(¢;) - Oigrad(v) doz = pg @10y up, ds + / pow grad(¢y) - gradl(w) dz
Q 20 Q
+—/ poqﬁlwu}jds—u/AqblAwdx
o0 Q
[ ovubdsip [ ubngradion s (46)
Ele) 20

po/ Go0sw da = —/ 00 gradL(qﬁg) -grad(w) 1/Jdl'+/ Po b2 1/Ju31)ds
Q Q a0

- u/ grad(¢s) - grad(w) dz+u B u ds.
Q a0

Remark 17. Note that ¢ (resp. w) corresponds to a control in the first (resp. second) equation and
modulates the control operator on the second (resp. first) equation.

Remark 18. Reminding ourselves of the definition of the stream function u = gradJ‘(z/J), we have that,
t- gradj‘(z/)) corresponds to the tangential part of the velocity at the boundary and n - gradL(w) to the
normal part of the velocity at the boundary.
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4.3.2. Finite Element approximation

Due to the dissipation term fQ AYA¢p; dz, ¥ has to be in H?, hence let us choose an Argyris finite element
family (¢})i€[1’ N,]- Given that Argyris elements are polynomials of degree 5 and the relation —A¢ = w,
let us choose H' conforming P? Lagrange finite element family (¢7);cp1,n,) over Q. The discretized state
variables are denoted by @, and are defined as: ¢ (t, ) = ZlN:wl dH(2), (1), Wt x) = vazwl &2 ()w;(t).

Moreover, let us consider a P! finite element family (Vi)iepi,m) defined on the boundary of our domain
00 and write for all k € {1,2,3,4,5} the discretized controls and observations @, 7% as:

M M
W) =Y vi(@)@p)i(t),  dpta) =Y vi(@)@h)i(t),

=1

@
Il

=

o

M-

ﬂL(t,x) :

Zyi(x)(aL)i@)a gr(t, x) :

7=

vi(2)(Tr,)i(t).

M

,_.

o
Il

-

Let us now define the finite element matrices as follows:
M;; :/@1 qﬁjl dz, Miaj :/ vivids, Kj; :/grad(¢})~grad(¢;)dx
Q a0 Q
D'(@)y; = [ wgrad(@}) - grad*(6})ds, D*(@)5 = |4 grad*(6?)  grad(6?) d,
Q Q
Rl = [ Aot Acjde, RY = [ arad(of) -grad(6}) v (47)

Bilj:/ ¢; v ds, ij(w):/ oF wlv;ds, Bf’j:/ v;n - grad(¢;)ds,
00 o0 o0

B}(¢) = / oy vids, B = / ¢7 v;ds.
o0 o0
Denoting by:

B'(w) = [—po B*(w) ~uB' uB®, M} =Diag[M°% M M?],
- . (48)
B%(¢) = [po B'(¥) uB°], M2 =Diag[M? M?],

the blocks defining total power control port matrices and mass matrices. Additionally, let us denote by
Uy = ((wp)" (@h)" (E?’D)T)T, and U} = ((uh)" (ﬂ%)T)T, the total power control port vectors.
Finally, let us define the observation of the system as: M(%Y,% = Bl(w)TU}),M%YE = IB%Q(w)TU%, and
M%; = poB' "7y, Then, the discretized INSE reads:
R' 0 b
[0 ] ()

i lo ) ()70 o)

P ) )

Regarding the structure of the system, we get the following lemma:

(49)

Lemma 24. For all ¥ € ]RNw,u__J € RN, the Dirac structure matrices satisfy the skew-symmetry prop-
erty: DY (w) = —DY(w)" D?@) = —D?*(¥)". The Lagrange structure matrices satisfy the symmetry
property: K = K7, M = M7, and the resistive structure matrices satisfy the symmetry property:
Rl — RIT R2 —_ R2T

, .

Let us now define the discrete Hamiltonian, enstrophy and kinetic energy:
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Definition 25. The discrete kinetic energy, enstrophy and Hamiltonian are defined as:

K@) := %/ﬂgrad(q/}) -grad () dz = /%0 ET K, E4w) = p?() /Q(d))2 dx = %OwT Mw,

H (P, @) = K(¢) + £ (@).
Computing the power balance yields:

Lemma 26. The power balance of the discretized INSE (49) reads:

d ad
SKI@) = —u ' R+ (V) ME UL + 7 M® L

iEd(w) = uw' R’ + (Y3) ' M2U3.

Proof. Computing g; d LK% (@) and Sd(w) then using the properties of D' (&) and D?(3)) given in Lemma 24,
yield the result. O

Finally, let us add the no-slip impermeable boundary conditions:

d[K 0]\ _[[D'@ o R D
Py o mi\w) || o -—p2@| *|o @
1 3 51 (up
e (o +M[J§5}s
0=-—B'Ty, (No slip B.C.)
0=~ B3y, (Impermeable B.C.)

M?%ul, =B°Tq, (Vorticity generation)

(50)

where up is the Lagrange multiplier enforcing the Dirichlet boundary condition. Note that the boundary
vorticity value B®Tw is driven by the Lagrange multiplier u},, and its corresponding vorticity flux (Lagrange
multiplier u},) is present in the vorticity and stream function dynamics.

5. Numerical results

Hereafter, numerical results were obtained using the Python interface of the finite element library Get-
FEM [82] and Gmsh for mesh generation. Visualization was carried out using ParaView and Matplotlib.
The source code is open and can be found at https://gitlab.isae-supaero.fr/an.bendimerad-hohl/
implicit-constitutive-relations.git. Furthermore, raw data of the presented simulations are available
at https://doi.org/10.5281/zenodo.19488237.

5.1. Nanorod equation

Let us now study the numerical solution of the nanorod equation obtained after discretization. We
will consider the domain = [0,1], the Young’s modulus F = 1, the mass density p = 10, and as initial
conditions, we choose vg(z) = exp(—80(z — 0.3)?) and oo(z) = 0. We will then study the effect of the
parameter £ over 0, 0.01, and 0.05. Finally, the implicit midpoint rule is chosen as the time scheme. The
simulation parameters are: final time 7% = 10, time step d¢ = 0.1 and number of discretization points
N = 100. Figure 2 shows of the evolution of the Hamiltonian for the different values of ¢, along with
respective relative energy errors |[H& . (t) — He,, (0)|/HE,,, (0).

In each setting, the model is conservative hence the total mechanical energy should remain constant,
however, it is clear that increasing the parameter ¢ decreases the accuracy of the method. Such behaviour

24



Journal Pre-proof
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Figure 2: Plots of the nanorod Hamiltonian and relative energy error for ¢ = 0,0.01, 0.05.

might be caused by the degradation of the condition number of the matrix M +2K+¢/BB as ( is increased
(see Appendix C.1). Additionally, on the top row, the green and red lines isolate the energy contribution
of the velocity energy port fTBB T and stress energy port % BB 7 respectively. These show that the
amount of energy stored at the boundaries becomes significant as ¢ increases and should not be omitted
when considering Robin boundary conditions.

5.2. Implicit Euler-Bernoulli beam

In order to illustrate the efficiency of the approach, we simulate a simply supported steel beam of 1
meter length, for two different radii r: 5 cm, and 2.5 cm. The constant physical parameters of steel can be
found in many references, we use the values given in [59]. More precisely: the mass density is p = 7.86 x 10?
kg/m3, the Young’s modulus is £ = 2.02 x 10! Pa, and the Poisson’s ratio is v = 0.3. These values give as
cross-section areas:

h=mr? € {7.85 x 107%,1.9625 x 107°} m?,

and as modulus of flexural rigidity:

3

D=Es € {8.95 x 10"3,1.40 x 1072} Nm.

(1—v?)
The finite element model of Section 4, and especially the matrices of (42), are validated using the modal
analysis mentioned in Remark 11. The phase velocity is computed for the different configurations and two
mesh size parameters in Figure 3. One may appreciate a relative error spanning between ~ 1073 (at low
frequencies) and ~ 107! (at high frequencies). These errors obviously strongly depend on the mesh size.

Once validated, system (42) may be used to simulate the evolution of a beam. Let us compare the
evolution of the implicit Euler-Bernoulli model against the usual (explicit) Euler-Bernoulli model, always
with homogeneous Dirichlet boundary conditions for v and o, i.e., a simply supported beam. The chosen
time scheme is a Crank-Nicolson scheme with adaptative time step d¢t. The final time is 10 ms, which is
sufficient to observe several oscillations. The initial velocity is taken null, while the initial value for o is
taken such that the initial position is an exponential bump centered at x = 0.5. Figure 4 shows the evolution
of a beam of radius r = 5 cm, i.e., with (h, D) = (7.85 x 1072,8.95 x 10*3), and a mesh size parameter
dz = 5.0 x 1074,

While the difference between both models is not visually blatant in Figure 4, it becomes clear in Figure 5,
where the L2-norm of the difference between the position fields w over time is represented.
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Phase velocity (implicit) Phase velocity (implicit)
% Numeric % Numeric
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x x
101 107 10° 101 107 10°
k [rad/m] k [rad/m]

Figure 3: Phase velocity for 7 = 5 cm (left) and r = 2.5 cm (right), and a mesh size parameter dz = 5.0 x 10~* (implicit
Euler-Bernoulli beam).
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Figure 4: Snapshot of the implicit (left) and explicit (right) Euler-Bernoulli beam of radius » = 5 cm with simply supported
boundary conditions, at time ¢ = 10 ms. Parameters: (h, D) = (7.85 x 1073,8.95 x 1073), mesh size dz = 5.0 x 1074.
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Figure 5: L? difference between the beam position computed with the explicit and implicit model over time.
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Evolution of Hamiltonian terms (implicit, CPU Time: 2890.6 s) Evolution of Hamiltonian terms (explicit, CPU Time: 2847.2 s)
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Figure 6: Evolution of the Hamiltonian and its components (first line) for the implicit (left) and explicit (right) Euler-Bernoulli
beam. The second line presents the relative variations of the Hamiltonian in both cases (left: implicit, right: explicit).

In Figure 6, the preservation of the underlying Dirac and Lagrange structures are enlightened: the
variations of Hamiltonian are close to machine precision. One may furthermore appreciate that the implicit
parameter, while improving the quality of the simulation for high frequencies, the requirement of CPU
time is not significantly different. This latter is mainly due to the better condition number of the matrix
phM + £ K on the left-hand side of (42), when h belongs to an appropriate range, because this results
in a larger timestep, which counterbalances the time spent for the resolution of the linear system involving
K. Indeed, it has already been explained in [58] that the implicit Euler-Bernoulli beam (the shear model),
is well-suited for beams of moderate thickness, while Timoshenko’s model is better suited for thick beams
and (explicit) Euler-Bernoulli’s for thin beams.

5.2.1. Convergence analysis

Let us study the convergence of the previously discretized model. Here, we will look at the phase
velocity of the first 50 eigenvalues of the implicit Euler-Bernoulli beam. For a mode ¢ we denote by ¢, ; the
corresponding phase velocity and k; the corresponding wavenumber. As such, we study the convergence of

the relative error: w0
i Z lep,i — C]tgh(ki)|
502 (k)
with respect to the mesh step size dz, with (k) = kv/D/\/ph(1 + (h?/12)k?. The model parameter are

chosen as: D =5x10° p =8 x 10%,h = 6.28 x 102, Figure 7 shows the convergence of the phase velocities
with respect to the step size dz, in particular we obtain a convergence order of 1.106.
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Figure 7: Convergence of the phase velocities for the implicit Euler-Bernoulli model

5.8. Incompressible Navier-Stokes equations

5.8.1. Dipole collision

Let us focus on the normal dipole collision with no-slip boundary conditions problem. Such a setting has
been considered as a benchmark test case to study the properties of incompressible Navier-Stokes solvers [61].
The 2D domain is defined as Q = [—1,1]? and initial conditions for the vorticity as two monopoles [61]:

wo(x) = we ((1 = (r1/r0)* exp(=(r1/r0)”) — (1 = (r2/r0)* exp(—(r2/r0)?)) ,

with 7y = |2 — ¢1], 71 = |2 — ca| the distances between x and the center of each monopole ¢y, co € Q, rg the
radius of the monopoles and w, the extremum vorticity value.

Moreover, boundary conditions are chosen as no-slip and impermeable. As a consequence, the initial
condition g is chosen to be the solution of the Poisson equation —Awy = wg with homogeneous Dirichlet
boundary conditions to enforce the impermeability. As highlighted in [61], with such initial conditions,
the tangential velocity corresponding to wg at the boundaries is very small, hence vy satisfies the no-slip
boundary condition as well.

Normal dipole collision. Let us choose the initial condition parameters as ¢; = (0 0.1)T,co = (0 —
0.1)T,79 = 0.1 and the extremum vorticity value is chosen w, = 300 such that the initial kinetic energy is
equal to two: K (1) = 2. Such a value is slightly lower than the estimated w, = 320 value in [61] as in our
case it fits the initial condition on the kinetic energy better.

The model parameters are pg = 1 and p = 1/625, the final time is chosen to be T} = 2.5s, timestep is
dt = 1/600 s and the total number of dofs of the model is 78 607.

Figure 8 shows snapshots of the vorticity at times 0.4 s, 0.6 s and 1 s. Table 1 lists the value of the
enstrophy and kinetic energy at times 0.25 s, 0.5 s and 0.75 s. Figure 9 presents the time evolution of
the power balance and kinetic energy. Figure 10 presents the time evolution of enstrophy along with the
enstrophy balance.

Figure 11 presents the vorticity profile at the right boundary over the times 0.4 s, 0.6 s and 1.0 s. This
shows how vorticity is being generated by the Lagrange multiplier u3, = w|aq to enforce the no-slip boundary
condition. Moreover, figure 11 presents a contour plot of the vorticty on the subdomain [0.4, 1] x [0,0.6] at
time ¢ = 1s showing how the upper part of the dipole interacts with the boundary after initial collision.

These results are compared to both [61] and [62]. Firstly, it is clear that the error on the enstrophy balance
between each time step is close to machine precision whereas the power balance error is greater. However,
in both cases, these functionals fit both references. Additionally, both the contour plot and vorticity plot at
the boundary are very close to reference plots as well.
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Time (s) | Kinetic energy (J) | Enstrophy

0.25 1.50552 472.1750
0.5 1.01554 379.7911
0.75 0.76913 250.8609

Table 1: Kinetic energy and enstrophy over times 0.25s, 0.5s and 0.75s.

¥ ‘ Lo : L 4

Figure 8: Vorticity at times 0.4's, 0.6 s and 1.0 s.

5.8.2. Convergence analysis

Let us study the convergence of the incompressible Navier-Stokes equations when refining the mesh. We
first deal with Taylor-Green vortices, where the solution is mainly driven by the dissipative term and an
analytical solution is known ; then we address the normal dipole collision, where the convective term is no
more negligible, and the finest mesh is used as a reference since no analytical solution is known.

Taylor-Green vortices. First, let us look at an analytical solution, namely the Taylor-Green vortices case [62]:

1 22t
re ta 5 = —si i s _ )
Ureplt, 2,y) - sin(max) sin(my) exp( o )

Wref(t»xvy) = _Awref(taxu?» = 27T2¢ref(t7$7y)7

for (z,y) € [0,1]2,t € RT, with Re = po/u, the Reynolds number ; in our case pg = 1, and 1 = 1/100. More-
over, the boundary conditions are homogeneous Dirichlet for both w and . The mesh is taken as a regular
grid of simplexes (triangles) composed of K rows and K columns with K € {5,7,9,11,13,15,17,19, 21, 23, 25}.
The time step is taken as dt = 1/1000s and final time is ¢ = 1s.

Figure 12 shows the H' error ||w — wycf||z: at time ¢t = 1s and ||[t) — Yref|| g1 at time ¢ = 0.9995s (since
1) is evaluated on half time steps) respectively, plotted against the average element size of the mesh (triangle
circumradius).

In such a case, we recover a convergence order of 2.565 for w and 4.760 for ) with respect to the average
element sizes.

Note however that with such a choice of variables (vorticity/stream function) yields a solution mainly
driven by the dissipative term and not the convective term. Indeed, the convective term is identically zero:

div(wyrey gradJ‘ (Yrer)) = grad(wrer) - gradL(wref) =272 grad(Yyes) - gradJ‘ (Yref) = 0.

Dipole collision. Let us now study the convergence of the normal dipole collision case when refining the mesh.
Here, the convective term is not negligible. To do so, we ran the simulation with po = 1, 4 = 625, d¢ = 1/600,
a final time ¢t = 1.5s and for 9 different meshes with a mesh size parameter ¢ ranging from 0.04 to 0.12 and
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Figure 9: Time evolution of kinetic energy and power balance over time
Enstrophy Enstrophy balance
—— Present 10714 & o . Enstrophy error
8001 x  (Clercx & Bruneau 2006)
4 (Diego et al. 2019) 10712 4
£ 6001 Z
o 0107134
2 400 G
w w 10*14 4 v
2001
107154
0.0 0.5 1.0 15 2.0 2.5 0.0 0.5 1.0 1.5 2.0 25
Time (s) Time (s)

Figure 10: Time evolution of enstrophy and enstrophy balance over time

an average triangle size ranging from 0.0055 to 0.016: The finest mesh (¢ = 0.04) is used as a reference. The
error is then defined as the average of the relative H' errors for 180 evenly distributed timesteps between 0
and 1.5s:

180

61/} Z ||¢1 wref(tk)HHl )
bIs0 ||¢ref i)l

180
p — Z ||w1 wref(tk)”Hl
v 180 ||w,,ef tk)”Hl

We obtain a convergence order of 2.234 and 3.910 for w and 1 respectively. Figure 13 shows the error
for both v and w plotted against the average element size.

6. Conclusion

In this work, we have proposed a structure-preserving spatial discretization method for pH systems
with implicit constitutive relations, formulated through Stokes-Lagrange structures. Building upon the
Partitioned Finite Element Method (PFEM), which has been successfully employed for classical pH systems,
we have extended this framework to accommodate systems including differential and nonlocal constitutive
relations. This extension ensures that the essential geometric properties of the continuous system are
faithfully retained in the finite-dimensional approximation.

The methodology has been applied to three representative cases: a 1D nanorod model capturing nonlocal
effects, an implicit Euler-Bernoulli beam formulation relevant for high-frequency dynamics, and the 2D
incompressible Navier-Stokes equations expressed in vorticity—stream function variables. For each of these
examples, we have demonstrated that the proposed discretization not only preserves the power balances at
the discrete level but also captures additional physical invariants such as enstrophy in the fluid flow case.
The numerical results obtained confirm the consistency, robustness, and accuracy of the structure-preserving
discretization strategy, highlighting its potential for reliable long-term simulations.
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Vorticity boundary values

Vorticity contour plot
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Figure 11: Vorticity profile at the right boundary = 1 and along y € [—0.6, 0] for the times 0.4s, 0.6s and 1.0s (left). Vorticity
contour plot at ¢t = 1s in the subdomain [0.4, 1] x [0, 0.6] (right).
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Figure 12: Vorticity and stream function H' error for the Taylor-Green vortices case.

The work presented here opens several perspectives for future research. One important direction concerns
the mathematical analysis of the proposed schemes, particularly regarding their convergence properties and
stability guarantees when applied to systems with complex boundary conditions. Another natural extension
lies in the treatment of other nonlinear port-Hamiltonian systems, especially those arising in multiphysics
contexts where strong couplings and nonlinear constitutive relations are prevalent. The method could also
be adapted to large-scale 3D applications, offering a powerful structure-preserving tool for the simulation of
coupled thermo-mechanical, electromagnetic, or fluid-structure interaction problems.

Additionally, the discretization choices made in this work could be further refined by investigating optimal
finite element spaces that enhance numerical accuracy while reducing computational complexity, without
compromising the preservation of the underlying structure. Finally, extending the approach to space-time
discretizations that preserve geometric properties simultaneously in space and time, as done in this work
for the fluid case, would provide a unified framework capable of addressing both the spatial and temporal
aspects of structure preservation.

Altogether, this study contributes to the ongoing development of structure-preserving numerical methods
for distributed pH systems and lays the groundwork for future advances in the reliable and physically
consistent simulation of complex dynamical systems.
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Figure 13: Vorticity and stream function H' relative error for the dipole collision case.
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Appendix A. Proofs

Appendiz A.1. Proof of Lemma 2
Proof. Recall that P and S € M,,,, (R) are such that PTS is symmetric and FSD} is of full rank, and
from (1b), that o,e € R™ and uy,y;, € R™ are such that:

()= ()

It follows that ueL € ker([ST —PT].

YL
Moreover, from P'S — STP =0, it comes: Ran [g] Cker([ST —PT]).

Furthermore, we have from the size of P and S: dim(ker([ST —PT]) < n+mny, and the rank condition

gives dim(Ran [ISD]) =n+ng . Hence:

ker([ST —PT]) = Ran [g] , (A1)

which proves the existence of (\,uz) € R"™™ such that (3) holds.

Finally, the rank condition ensures the injectivity of [ S] , which proves the uniqueness. O

32



Journal Pre-proof

Appendiz A.2. Proof of Lemma 3
Proof. Let us compute %’H()\,ﬂ):

=< <UC“L)T (yeL ) , (Lemma 2)

T . T.
=e a-+yrur.

Hence, using solely the Lagrange structure, and in particular Eq. (2), leads to the first equality of (6). Now,
using the Dirac structure, we have:

e T e
0= €R J E€R , (J =3 —JT)
Up up
e ! %(Pm)\ + Py our)
=|er Ir ,
Up —YD

=e'a+ehfr—ypup,
d - .
= &H()HUL) —ylilL + enfr — ybup.
Rearranging the terms gives the desired result. O

Appendiz A.3. Proof of Lemma 8
Proof. See [18, Example 31| for (19).
Let us compute %’H(A,p) :

d d (1 b . S
E?—L()\,p)—&<§/a B+ 0.0 + 2o d |
b
:/ EX(1— £ 822)8t)\+§8tpdx+ DN B 0,0
b

= / 0 0yv + v 0y0 da + [0\ Ef? (91)\]2 ,
= [0 v]% 4 [0\ BL? 0 N]0.

This gives us the first part of the result. Let us now consider the Robin boundary conditions (16). In
particular, using o = E' )\, we get:

o(a) + ng Ldyo(a) =0, o(b) + np £0z0(b) = 0,
Aa) + ng Loy A(a) = 0, A(D) 4+ ny L0 A(b) = 0.

Then:
%H(A,p) = [o 0]} + [0\ EC O\,
= a(a)v(a) ng + o (b)v(b) ny + 0 \(a) EL? 9.\ (a) ng + O N(D) EL% O \(b) ny,
= —Ldyo(a)v(a)n? —L3,0(b)v(b)ni — LI:N(a) E Xa)n2 — LINb) EXb)n}.
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Now, using the Dirac structure (18a) which imposes 0,0 = 0;p, and the Lagrange structure (18b) which
implies v = p/p, we obtain:
d

$H(A,p) = —0d0(a)v(a) — LI (b)v(b) — LN a) EX(a) — LOA(D) EX(D),

. [% (Oup(a) pla) + Bp(B) (1)) + E (A(@)A(a) + ath)A(b»] |

Appendiz A.4. Proof of Lemma 9
Proof. Shifting the right-hand side of the power balance (21) to the left yields:

1
)
Then, using the identity f'f =

SEHOD) €| (@la) 2(0) + 2u(0)(0) + E @A@A(@) + IADND) | =

$(f?) gives us:
5 o [0 +p67) + B @ + 20 = Snar )

which proves the result. O

d

Appendiz A.5. Proof of Lemma 20
Proof. Writing the Robin Boundary conditions (16) using the energy control port uj, gives us:

ola) 4+ L (up)y =0 =0%b) + £ (ug)s.

Which, written using the previously defined matrices gives (40).
Similarly, writing (16) using the power control port up yields:

(up)1 +2L9,0(a) =0 = (up)2 + £I,0(b),

where using the fact that (up)1 = o(@)n, and (up)a = o(b)ny allowed us to remove the outer normals ng, np
from the expression. Now, using Dirac structure (22), we have that 0,0 = 9;p = p d;v, which gives us:

(up)1 + L pla) dwi(a) = 0= (up)a + £ p(b) v (D).
Writing the obtained equation using the previously defined matrices gives (41). O

Appendiz A.6. Proof of Lemma 13
Proof. Let ¥, w, ¢1,¢o € H' then we have:

/ o1 div(w gradL(@)) da = —/ wgrad(¢r) - gradL(qﬁg) dx + / wormn- gradL(@) ds,
Q Q d

Q

:/ wgrad™ (¢1) - grad(¢y) dz + / w1 n - grad™ (¢2) ds,
Q o0

= _/ po div(wgrad™®(¢,)) dz —|—/ worn - grad®(¢,) ds
Q o

Q
+/ wom - grad’(¢) ds.
o0

Which proves the first equality, then:

/ 61 div(grad® (¢) ¢)da = - / 62 grad(¢y) - grad* () da + / 61 6o - grad® (1) ds,
Q Q oN

. / 62 div(grad™ (¢) ¢) da + / 61 6o - grad* (v) ds.
Q onN

Where the last equality is obtained from the fact that div(grad=®(z)) = 0. O
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Appendix B. Useful identities

Lemma 27. Given ¢ € HVYQ) and ¢ € H'(Q), we have:

/ ¢ - grad™*(y)de = / curlap () ¥ dz + P ¢ -tds. (B.1)
Q Q o0
Proof. See e.g. [41, Chapter 11]. O
Lemma 28.
curlyp grad® = —A. (B.2)
0
Proof. curlyp grad® = [—8y 8m] [_593] = —852 — 652 = —A. O

Appendix C. Nanorod equation

Appendiz C.1. Condition number

Figure C.14 presents the condition number of M + ¢> K 4+ ¢ BB " as a function of the parameter ¢, in
particular for the number of discretization N = 100, the condition number worsens for ¢ bigger than 1072,

Condition number of M + £2K + (BB T
] — N=100
—— N =500
—— N =1000

-
o
>

Condition number

= = = =

o o o o

i > ES &
L

=

o
B
1

100 o

1074 1073 1072 107t 10°
£ value (m)

Figure C.14: Condition number of matrix M + ¢2 K + ¢ BB for number of discretization points N =100, 500 and 1000.

Appendix D. Implicit Euler-Bernoulli beam

Let us derive the model following [83, Chapter 2|, where thin plate models are tackled. We neglect the
y component to model the beam case of this work.

Let us denote by U(z, z,t) the displacement at a time ¢ of the particle that occupies the position (z, z)
when the beam is at equilibrium. Furthermore, we denote u(z,t) = U(z,0,t), the displacement of the middle
line.

Assume that the strain is proportional to the displacement (i.e., a linear strain displacement relation),
and that the linear filaments of the beam initially perpendicular to the middle line remain straight and
perpendicular to the deformed middle line, and undeformable: neither contraction nor extension (transverse
shear effects are neglected).
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The second assumption imposes a nonlinear relationship between U(z, z,t) and u(x,t). If this relation
is linearized, we obtain: U = u — zd,u,, where u, denotes the z component of the vector field u.
Denoting w := u,, the vertical displacement, the strain energy P of the beam is defined by:

=3 | ()

where L := b — a is the length of the beam and D := E12(1 7

the Young’s modulus, v the Poisson’s ratio (0 < v < 5 in physical situations), and h the cross-sectional area
(h := mr? for cylindric beam of radius r).

Note that to include a tension Tp, as done in [68, Eq. (10)], and model pre-stressed beams, it requires
adding more potential energy terms, following [58, Eq. (2)]. As this is not the purpose of this work, we
restrict ourselves to the simpler models without tension.

The kinetic energy reads:

Lo o N R fo (o \\
K(w) = iph/a <§w> + 12 (% (8_xw>> dz.
——

streching part bending part

is the modulus of flexural rigidity, with E

Principle of virtual work. The equations of motion for w = wu, are obtained by setting to zero the first
variation of the Lagrangian:

T
L':/ K+W —Pdt,
0

where W is the work done on the beam by external forces that contributes to the bending.
More precisely, let n = dw be any admissible variation of w in C([0,T] x [a,b]) with compact support,
then:

b 84
5P:D/ ﬁwndx,
h2 ot

b
5W:/ fndx,

and

where f is the external force.
Since 7 is arbitrary, the equation of motion for the Euler-Bernoulli beam is obtained by setting 6L =
fOT SK + 6W — 6P dt = 0, which then reads:

h? 9%\ 02 o*

Appendix E. Incompressible Navier-Stokes equation

Appendiz E.1. Time discretization

Similarly to [62], we will consider a staggered approach where 1), u3, and up are evaluated at half time
steps tx41/2 and where W and u3, are evaluated at whole timesteps t;. The modulated Dirac structure is
then evaluated for each variable at time ¢ using the value of the other variable at the previous time ¢ — d¢/2.

Then, the implicit midpoint rule is used on the state variable of the linearized equation, and constraints
are imposed at the end of the timestep interval. Finally, initialization is carried out by integrating E(to) to
the first half time step ¢, /5. Denoting by ay, the variable «(t) discretized at time ¢, we have:
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Lemma 29. The discrete power balance and enstrophy balance read:

_ _ T _ _
(¢tk+1/2 + wtk—1/2) R1 (¢tk+1/2 + ’(/)tk—l/2)
2 2 ’

’Cd(atka) - ’Cd(wtk_l/g) = —dt

— — T — —
(wtk+1 + wtk—l) R2 (wtk+1 + wtk—l)

BT wtk+1 + Wiy,
2 2 '

5d(wtk+1) - gd(wtk) = —dt 2

.
+dt UDty s

Appendiz E.2. Mesh

Figure E.15 presents the mesh used for the simulation of the normal dipole collision experiment. The
mesh is finer along the right and left boundary and along the path of the dipole, this allows for faster
computation compared to a homogeneous mesh. It is composed of 4448 nodes.

oY

X
Vavd

At VAV
NV
K
e
%Y
X

N
N/
K]

SO SNAVAVANAVIN YNAY(N\VAVAA
14}'@74&7094“}‘ <

5
KR
oravivd

i
Y
/AVAVAY

AR

KKK

KL gé!

,.,
%
AV

X
K
o
VAl
AV
N/

avave
XK

o
VYAV
Avg
7\
o
éVA

A%
5
S
KD
X
)

DR

1%
7
TAVaY
7

R
<
5
=
VAVA
I~
AVA
VAV,
&
o

AN
X7
VAY

g

\

%
7

;1

oy

v
Pary
V)
RET

VAY

N
%
Y
N
i
K
o
<]
<]
é?
&7
R
V§
o
N

7
Df
KK

I
X
2
7

(aw
R
N
Kl
5
a0y
i
o

£
X
3
KX
Vi
4’&7
Poravy
e
K]
>
K
AV

V¥
o
7
aﬁ
LK)
RN
S

%%
Vv,
IAVaN
NSH
X
N
V4
A%

RN
ESTAY,
SO/

<
VT
AN

v‘
S5
IXERY
R
</
N/

)
A
D

A

v%
™
%

N
G
d
7

5
7
K

&

\

N/
<K
KRR
<7
V

>

K

R

S
O

X]
<)
X7
o
20
X
VS
B
P
A7
Q)
vaY

<N
A
YAV

%
A
2

Va)
VAVAY

X
2

X
WX
TAVavaVl

A4
iy

2

>

>
0 ‘{g

v
Vav;

v

28
g
]
3
N
S
N

AN
o
STAYA
oS
&
<t
N

1%
S
X

RO
SNV
oAV VAV
ORRIIINE
KA

7%k
K

XIN
oK
s
A%A

P
AV,
XX

<]
%
o
VAVAY)
N2\
VAV,

V4

D
VaSAN,
pVaYy

5
<y
V)
b@
R
NECRR
K ";‘4"
24
Ny
N
YaV)
)
%y

S
PR
Vv
O
oR
)
AVAvAa:
5‘" I\
XK
KL
S
R
A}}
X
¥
XN
Y
o
N
T

Yavs
X
%)
A

X

PO

o

)

/

N

¥

o

%

%

s

Vi
K]
PPk

5

5

%

V4

REELS

o1
VAVavy;:¢

>
XX
o
N
K]
N
)
ey
g
va
7

2/
%

"
X]

RN
o

KKK

RERD b

KERDOG
A4

(VAVAYAY
'ﬁ
Y4
He

Leke
%
RN

q
N
<]
Ve

KX
Vay
% pYAV)
Q)
e
\/

KX
.g
O
X
A
VA
55
R

X/

'V
PV
»;
Ay
{4
>

o

o0
A
)20g
=
i
Yase
AV

N
22

\F
OODY

Y

K]

A
A

3

X
R
RS
AV NS
VavaVAV)
st

S
R

50

A

LS
N 1 7
X
7
!

AVa)
V4
.
oy

K

V?v

5#%‘ RS
N

)

AV

N
A

5
o)
KA
<]
K

AV

o
7

K

N
X5

A
OB

S;
)

RAEKT
SR

o
S

PRI
N

X

0

<X
V4
K

AV

]

iy

i

0

NN
X

o3

<

K

KB
SRR
s
KPEA
DO
Ay,
}V AV
LIS
T
N>R
AR
il
ravie
VRN
]

X
R
RN
5

N

[

2

%
RECRERREA
KSR
=y

aV)
DR ROAI

<
aATava
5

9
D

X7

<]

g
o

TSR

?.
A

%

I
TS
§>
g
K

<\
v

AVAVAVAY Y SO
Q7 £
SRR

v K REH

SRR
A

R N VAVATAYS R OTaTN

v
S
S
AVAV,
5
Y
5
KRl

‘%A
i%»
VAV,
s
0!
2\
1

25

£
5
Rk
/S

/\
YAV}
DY
55

%
XK
VN
VAVA
4
>
v
=
SE
N
AVAY.,
N
R
e
LK

RS
IR

KL
0

A'.
N
2RK

(VAN
]
Y,
5
s
0B

*

5

2l

7

X

YaYA
P

.
)Y
AVA

X

>

D

%
Iy
8
A?!'

N
I

KB
<asard
ﬂ%A

S

4

74
Vé_

5_??

Wi
al
Vi

&

AN
V4
X

A

<

A

A
</

Figure E.15: Mesh used for the dipole collision experiment
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